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Preface

IN my view, an introductory computer science course should strive to accomplish three things. First, it should demonstrate to students how computing has become a powerful mode of inquiry, and a vehicle of discovery, in a wide variety of disciplines. This orientation is also inviting to students of the natural and social sciences, who increasingly benefit from an introduction to computational thinking, beyond the limited “black box” recipes often found in manuals. Second, the course should engage students in computational problem solving, and lead them to discover the power of abstraction, efficiency, and data organization in the design of their solutions. Third, the course should teach students how to implement their solutions as computer programs. In learning how to program, students more deeply learn the core principles, and experience the thrill of seeing their solutions come to life.

Unlike most introductory computer science textbooks, which are organized around programming language constructs, I deliberately lead with interdisciplinary problems and techniques. This orientation is more interesting to a more diverse audience, and more accurately reflects the role of programming in problem solving and discovery. A computational discovery does not, of course, originate in a programming language feature in search of an application. Rather, it starts with a compelling problem which is modeled and solved algorithmically, by leveraging abstraction and prior experience with similar problems. Only then is the solution implemented as a program.

Like most introductory computer science textbooks, I introduce programming skills in an incremental fashion, and include many opportunities for students to practice them. The topics in this book are arranged to ease students into computational thinking, and encourage them to incrementally build on prior knowledge. Each chapter focuses on a general class of problems that is tackled by new algorithmic techniques and programming language features. My hope is that students will leave the course, not only with strong programming skills, but with a set of problem solving strategies and simulation techniques that they can apply in their future work, whether or not they take another computer science course.

I use Python to introduce computer programming for two reasons. First, Python’s intuitive syntax allows students to focus on interesting problems and powerful principles, without unnecessary distractions. Learning how to think algorithmically is hard enough without also having to struggle with a non-intuitive syntax. Second, the expressiveness of Python (in particular, low-overhead lists and dictionaries) expands tremendously the range of accessible problems in the introductory course. Teaching with Python over the last ten years has been a revelation; introductory computer science has become fun again.


Web resources

The text, exercises, and projects often refer to files on the book’s accompanying web site, which can be found at

http://discoverCS.denison.edu.

This web site also includes pointers for further exploration, links to additional documentation, and errata.



To students

Learning how to solve computational problems and implement them as computer programs requires daily practice. Like an athlete, you will get out of shape and fall behind quickly if you skip it. There are no shortcuts. Your instructor is there to help, but he or she cannot do the work for you.

With this in mind, it is important that you type in and try the examples throughout the text, and then go beyond them. Be curious! There are numbered “Reflection” questions throughout the book that ask you to stop and think about, or apply, something that you just read. Often, the question is answered in the book immediately thereafter, so that you can check your understanding, but peeking ahead will rob you of an important opportunity.

There are many opportunities to delve into topics more deeply. Boxes scattered throughout the text briefly introduce related, but more technical, topics. For the most part, these are not strictly required to understand what comes next, but I encourage you to read them anyway. In the “Further discovery” section of each chapter, you can find additional pointers to explore chapter topics in more depth.

At the end of most sections are several programming exercises that ask you to further apply concepts from that section. Often, the exercises assume that you have already worked through all of the examples in that section. All later chapters conclude with a selection of more involved interdisciplinary projects that you may be asked by your instructor to tackle.

The book assumes no prior knowledge of computer science. However, it does assume a modest comfort with high school algebra and mathematical functions. Occasionally, trigonometry is mentioned, as is the idea of convergence to a limit, but these are not crucial to an understanding of the main topics in this book.



To instructors

This book may be appropriate for a traditional CS1 course for majors, a CS0 course for non-majors (at a slower pace and omitting more material), or an introductory computing course for students in the natural and/or social sciences.

As suggested above, I emphasize computer science principles and the role of abstraction, both functional and data, throughout the book. I motivate functions as implementations of functional abstractions, and point out that strings, lists, and dictionaries are all abstract data types that allow us to solve more interesting problems than would otherwise be possible. I introduce the idea of time complexity intuitively, without formal definitions, in the first chapter and return to it several times as more sophisticated algorithms are developed. The book uses a spiral approach for many topics, returning to them repeatedly in increasingly complex contexts. Where appropriate, I also weave into the book topics that are traditionally left for later computer science courses. A few of these are presented in boxes that may be covered at your discretion. None of these topics is introduced rigorously, as they would be in a data structures course. Rather, I introduce them informally and intuitively to give students a sense of the problems and techniques used in computer science. I hope that the tables below will help you navigate the book, and see where particular topics are covered.


[image: ]

Figure 1 An overview of chapter dependencies.



This book contains over 600 end-of-section exercises and over 300 in-text reflection questions that may be assigned as homework or discussed in class. At the end of most chapters is a selection of projects (about 30 in all) that students may work on independently or in pairs over a longer time frame. I believe that projects like these are crucial for students to develop both problem solving skills and an appreciation for the many fascinating applications of computer science.

Because this book is intended for a student who may take additional courses in computer science and learn other programming languages, I intentionally omit some features of Python that are not commonly found elsewhere (e.g., simultaneous swap, chained comparisons, enumerate in for loops). You may, of course, supplement with these additional syntactical features.

There is more in this book than can be covered in a single semester, giving an instructor the opportunity to tailor the content to his or her particular situation and interests. Generally speaking, as illustrated in Figure 1, Chapters 1, 2, 3, 4, 5 & 6 and 8 form the core of the book, and should be covered sequentially. The remaining chapters can be covered, partially or entirely, at your discretion, although I would expect that most instructors will cover at least parts of Chapters 7, 10, 11, and 13. Chapter 7 contains additional material on program design, including design by contract, assertions and unit testing that may be skipped without consequences for later chapters. Chapters 9–13 are, more or less, independent of each other. Sections marked with an asterisk are optional, in the sense that they are not assumed for future sections in that chapter. When projects depend on optional sections, they are also marked with an asterisk, and the dependency is stated at the beginning of the project.



Chapter outlines

The following tables provide brief overviews of each chapter. Each table’s three columns, reflecting the three parts of the book’s subtitle, provide three lenses through which to view the chapter. The first column lists a selection of representative problems that are used to motivate the material. The second column lists computer science principles that are introduced in that chapter. Finally, the third column lists Python programming topics that are either introduced or reinforced in that chapter to implement the principles and/or solve the problems.


Chapter 1. What is computation?
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Chapter 2. Elementary computations
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Chapter 3. Visualizing abstraction
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Chapter 4. Growth and decay
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Chapter 5. Forks in the road
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Chapter 6. Text, documents, and DNA
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Chapter 7. Designing programs

[image: ]



Chapter 8. Data analysis
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Chapter 9. Flatland
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Chapter 10. Self-similarity and recursion

[image: ]



Chapter 11. Organizing data
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Chapter 12. Networks
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Chapter 13. Abstract data types
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Software assumptions

To follow along in this book and complete the exercises, you will need to have installed Python 3.4 (or later) on your computer, and have access to IDLE or another programming environment. The book also assumes that you have installed the matplotlib and numpy modules. Please refer to Appendix A for more information.



Errata

While I (and my students) have ferreted out many errors, readers will inevitably find more. You can find an up-to-date list of errata on the book web site. If you find an error in the text or have another suggestion, please let me know at havill@denison.edu.
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CHAPTER 1

What is computation?


We need to do away with the myth that computer science is about computers. Computer science is no more about computers than astronomy is about telescopes, biology is about microscopes or chemistry is about beakers and test tubes. Science is not about tools, it is about how we use them and what we find out when we do.

Michael R. Fellows and Ian Parberry
Computing Research News (1993)



COMPUTERS are the most powerful tools ever invented, but not because of their versatility and speed, per se. Computers are powerful because they empower us to innovate and make unprecedented discoveries.

A computer is a machine that carries out a computation, a sequence of simple steps that transforms some initial information, an input, into some desired result, the output. Computer scientists harness the power of computers to solve complex problems by designing solutions that can be expressed as computations. The output of a computation might be a more efficient route for a spacecraft, a more effective protocol to control an epidemic, or a secret message hidden in a digital photograph.

Computer science has always been interdisciplinary, as computational problems arise in virtually every domain imaginable. Social scientists use computational models to better understand social networks, epidemics, population dynamics, markets, and auctions. Scholars working in the digital humanities use computational tools to curate and analyze classic literature. Artists are increasingly incorporating digital technologies into their compositions and performances. Computational scientists work in areas related to climate prediction, genomics, particle physics, neuroscience, and drug discovery.

In this book, we will explore the fundamental problem solving techniques of computer science, and discover how they can be used to model and solve a variety of interdisciplinary problems. In this first chapter, we will provide an orientation and lay out the context in which to place the rest of the book. We will further develop all of these ideas throughout, so don’t worry if they are not all crystal clear at first.


[image: ]

Figure 1.1 Some examples of computational problems.




1.1 PROBLEMS AND ABSTRACTION

Every useful computation solves a problem of some sort. A problem is fundamentally defined by the relationship between its input and its output, as illustrated in Figure 1.1. For each problem, we have an input entering on the left and a corresponding output exiting on the right. In between, a computation transforms the input into a correct output. When you listen to a song, the music player performs a computation to convert the digital music file (input) into a sound pattern (output). When you submit a web search request (input), your computer, and many others across the Internet, perform computations to get you results (outputs). And when you use GPS navigation, a device computes directions (output) based on your current position, your destination, and its stored maps (inputs).

Inputs and outputs are probably also familiar to you from high school algebra. When you were given an expression like

y = 18x + 31

or

f(x) = 18x + 31,

you may have thought about the variable x as a representation of the input and y, or f(x), as a representation of the output. In this example, when the input is x = 2, the output is y = 67, or f(x) = 67. The arithmetic that turns x into y is a very simple (and boring) example of a computation.


Reflection 1.1 What kinds of problems are you interested in? What are their inputs and outputs? Are the inputs and outputs, as you have defined them, sufficient to define the problem completely?



To use the technologies illustrated in Figure 1.1 you do not need to understand how the underlying computation transforms the input to the output; we can think of the computation as a “black box” and still use the technology effectively. We call this idea functional abstraction, a very important concept that we often take for granted. Put simply,


A functional abstraction describes how to use a tool or technology without necessarily providing any knowledge about how it works.



We exist in a world of abstractions; we could not function without them. We even think about our own bodies in terms of abstractions. Move your fingers. Did you need to understand how your brain triggered your nervous and musculoskeletal systems to make that happen? As far as most of us are concerned, a car is also an abstraction. To drive a car, do you need to know how turning the steering wheel turns the car or pushing the accelerator makes it go faster? We understand what should happen when we do these things, but not necessarily how they happen. Without abstractions, we would be paralyzed by an avalanche of minutiae.


Reflection 1.2 Imagine that it was necessary to understand how a GPS device works in order to use it. Or a music player. Or a computer. How would this affect your ability to use these technologies?



New technologies and automation have introduced new functional abstractions into everyday life. Our food supply is a compelling example of this. Only a few hundred years ago, our ancestors knew exactly where their food came from. Inputs of hard work and suitable weather produced outputs of grain and livestock to sustain a family. In modern times, we input money and get packaged food; the origins of our food have become much more abstract.


Reflection 1.3 Think about a common functional abstraction that you use regularly, such as your phone or a credit card. How has this functional abstraction changed over time? Can you think of instances in which better functional abstractions have enhanced our ability to use a technology?



We also use layers of functional abstractions to work more efficiently. For example, suppose you are the president of a large organization (like a university) that is composed of six divisions and 5,000 employees. Because you cannot effectively manage every detail of such a large organization, you assign a vice president to oversee each of the divisions. You expect each VP to keep you informed about the general activity and performance of that division, but insulate you from the day-today details. In this arrangement, each division becomes a functional abstraction to you: you know what each division does, but not necessarily how it does it. Benefitting from these abstractions, you are now free to focus your resources on more important organization-level activity. Each VP may utilize a similar arrangement within his or her division. Indeed, organizations are often subdivided many times until the number of employees in a unit is small enough to be overseen by a single manager.

Computers are similarly built from many layers of functional abstractions. When you use a computer, you are presented with a “desktop” abstraction on which you can store files and use applications (i.e., programs) to do work. That there appear to be many applications executing simultaneously is also an abstraction. In reality, some applications may be executing in parallel while others are being executed one at a time, but alternating so quickly that they just appear to be executing in parallel. This interface and the basic management of all of the computer’s resources (e.g., hard drives, network, memory, security) is handled by the operating system. An operating system is a complicated beast that is often mistakenly described as “the program that is always running in the background on a computer.” In reality, the core of an operating system provides several layers of functional abstractions that allow us to use computers more efficiently.

Computer scientists invent computational processes (e.g., search engines, GPS software, and operating systems), that are then packaged as functional abstractions for others to use. But, as we will see, they also harness abstraction to correctly and efficiently solve real-world problems. These problems are usually complicated enough that they must be decomposed into smaller problems that human beings can understand and solve. Once solved, each of these smaller pieces becomes a functional abstraction that can be used in the solution to the original problem.

The ability to think in abstract terms also enables us to see similarities in problems from different domains. For example, by isolating the fundamental operations of sexual reproduction (i.e., mutation and recombination) and natural selection (i.e., survival of the fittest), the process of evolution can be thought of as a randomized computation. From this insight was borne a technique called evolutionary computation that has been used to successfully solve thousands of problems. Similarly, a technique known as simulated annealing applies insights gained from the process of slow-cooling metals to effectively find solutions to very hard problems. Other examples include techniques based on the behaviors of crowds and insect swarms, the operations of cellular membranes, and how networks of neurons make decisions.



1.2 ALGORITHMS AND PROGRAMS

Every useful computation follows a sequence of steps to transform an input into a correct output. This sequence of steps is called an algorithm. To illustrate, let’s look at a very simple problem: computing the volume of a sphere. In this case, the input is the radius r of the sphere and the output is the volume of the sphere with radius r. To compute the output from the input, we simply use the well-known formula V = (4/3)πr3. This can be visualized as follows.

[image: ]

In the box is a representation of the algorithm: multiply 4/3 by π by the radius cubed, and output the result. However, the formula is not quite the same as an algorithm because there are several alternative sequences of steps that one could use to carry out this formula. For example, each of these algorithms computes the volume of a sphere.
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CHAPTER 2

Elementary computations


It has often been said that a person does not really understand something until after teaching it to someone else. Actually a person does not really understand something until after teaching it to a computer, i.e., expressing it as an algorithm.

Donald E. Knuth
American Scientist (1973)



NUMBERS are some of the simplest and most familiar objects on which we can compute. Numbers are also quite versatile; they can represent quantities, measurements, identifiers, and are a means of ordering items. In this chapter, we will introduce some of the fundamentals of carrying out computations with numbers in the Python programming language, and point out the ways in which numbers in a computer sometimes behave differently from numbers in mathematics. In later chapters, we will build on these ideas to design algorithms that solve more sophisticated problems requiring objects like text, lists, tables, and networks.


2.1 WELCOME TO THE CIRCUS

Writing programs (or “programming”) is a hands-on activity that allows us to test ideas, and harness the results of our algorithms, in a tangible and satisfying way. Solving problems and writing programs should be fun and creative. Guido van Rossum, the inventor of Python, “being in a slightly irreverent mood,” understood this when he named the programming language after the British comedy series “Monty Python’s Flying Circus!”

Because writing a program requires us to translate our ideas into a concise form that a computer can “understand,” it also necessarily improves our understanding of the problem itself. The quote above by Donald Knuth, one of the founders of modern computer science, expresses this perfectly. In a similar vein, the only way to really learn how to design algorithms and write programs is to actually do it! To get started, launch the application called IDLE that comes with every Python distribution (or another similar programming environment recommended by your instructor). You should see a window appear with something like this at the top:

Python 3.4.2 (v3.4.2:ab2c023a9432, Oct  5 2014, 20:42:22)
[GCC 4.2.1 (Apple Inc. build 5666) (dot 3)] on darwin
Type "copyright", "credits" or "license()" for more information.
>>>

The program executing in this window is known as a Python shell. The first line tells you which version of Python you are using (in this case, 3.4.2). The examples in this book are based on Python version 3, so make sure that your version number starts with a 3. If you need to install a newer version, you can find one at python.org. The

>>>

on the fourth line in the IDLE window is called the prompt because it is prompting you to type in a Python statement. To start, type in print('Hello world!') at the prompt and hit return.

>>> print('Hello world!')
Hello world!

Congratulations, you have just written the traditional first program! This one-statement program simply prints the characters in single quotes, called a character string or just string, on the screen. Now you are ready to go!

As you read this book, we highly recommend that you do so in front of a computer. Python statements that are preceded by a prompt, like those above, are intended to be entered into the Python shell by the reader. Try out each example for yourself. Then go beyond the examples, and experiment with your own ideas. Instead of just wondering, “What if I did this?”, type it in and see what happens! Similarly, when you read a “Reflection” question, pause for a moment and think about the answer or perform an experiment to find the answer.



2.2 ARITHMETIC

We have to start somewhere, so it may as well be in elementary school, where you learned your first arithmetic computations. Python, of course, can do arithmetic too. At the prompt, type 8 * 9 and hit return.

>>> 8 * 9
72
>>>

The spaces around the * multiplication operator are optional and ignored. In general, Python does not care if you include spaces in expressions, but you always want to make your programs readable to others, and spaces often help.

Box 2.1: Floating point notation


Python floating point numbers are usually stored in 64 bits of memory, in a format known as IEEE 754 double-precision floating point. One bit is allocated to the sign of the number, 11 bits are allocated to the exponent, and 52 bits are allocated to the mantissa, the fractional part to the right of the point. After a number is converted to binary (as in Section 1.4), the binary point and exponent are adjusted so that there is a single 1 to the left of the binary point. Then the exponent is stored in its 11 bit slot and as much of the mantissa that can fit is stored in the 52 bit slot. If the mantissa is longer than 52 bits, it is simply truncated and information is lost. This is exactly what happened when we computed 2.0 ** 100. Since space is limited in computers’ memory, tradeoffs between accuracy and space are common, and it is important to understand these limitations to avoid errors. In Chapter 4, we will see a more common situation in which this becomes quite important.



Notice that the shell responded to our input with the result of the computation, and then gave us a new prompt. The shell will continue this prompt–compute–respond cycle until we quit (by typing quit()). Recall from Section 1.4 that Python is an interpreted language; the shell is displaying the interpreter at work. Each time we enter a statement at the prompt, the Python interpreter transparently converts that statement to machine language, executes the machine language, and then prints the result.

Now let’s try something that most calculators cannot do:

>>> 2 ** 100
1267650600228229401496703205376

The ** symbol is the exponentiation operator; so this is computing 2100, a 31-digit number. Python can handle even longer integer values; try computing one googol (10100) and 2500. Indeed, Python’s integer values have unlimited precision, meaning that they can be arbitrarily long.

Next, try a slight variation on the previous statement:

>>> 2.0 ** 100
1.2676506002282294e+30

This result looks different because adding a decimal point to the 2 caused Python to treat the value as a floating point number instead of an integer. A floating point number is any number with a decimal point. Floating point derives its name from the manner in which the numbers are stored, a format in which the decimal point is allowed to “float,” as in scientific notation. For example, 2.345 × 104 = 23.45 × 103 = 0.02345 × 107. To learn a bit more about floating point notation, see Box 2.1. Whenever a floating point number is involved in a computation, the result of the computation is also a floating point number. Very large floating point numbers, like 1.2676506002282294e+30, are printed in scientific notation (the e stands for “exponent”). This number represents

1.2676506002282294 × 1030 = 1267650600228229400000000000000.

It is often convenient to enter numbers in scientific notation also. For example, knowing that the earth is about 4.54 billion years old, we can compute the approximate number of days in the age of the earth with

>>> 4.54e9 * 365.25
1658235000000.0

Similarly, if the birth rate in the United States is 13.42 per 1, 000 people, then the number of babies born in 2012, when the population was estimated to be 313.9 million, was approximately

>>> 13.42e-3 * 313.9e6
4212538.0


Finite precision

In normal arithmetic, 2100 and 2.0100 are, of course, the same number. However, on the previous page, the results of 2 ** 100 and 2.0 ** 100 were different. The first answer was correct, while the second was off by almost 1.5 trillion! The problem is that floating point numbers are stored differently from integers, and have finite precision, meaning that the range of numbers that can be represented is limited. Limited precision may mean, as in this case, that we get approximate results, or it may mean that a value is too large or too small to even be approximated well. For example, try:

>>> 10.0 ** 500
OverflowError: (34, 'Result too large')

An overflow error means that the computer did not have enough space to represent the correct value. A similar fatal error will occur if we try to do something illegal, like divide by zero:

>>> 10.0 / 0
ZeroDivisionError: division by zero



Division

Python provides two different kinds of division: so-called “true division” and “floor division.” The true division operator is the slash (/) character and the floor division operator is two slashes (//). True division gives you what you would probably expect. For example, 14 / 3 will give 4.6666666666666667. On the other hand, floor division rounds the quotient down to the nearest integer. For example, 14 // 3 will give the answer 4. (Rounding down to the nearest integer is called “taking the floor” of a number in mathematics, hence the name of the operator.)

>>> 14 / 3
4.6666666666666667
>>> 14 // 3
4

When both integers are positive, you can think of floor division as the “long division” you learned in elementary school: floor division gives the whole quotient without the remainder. In this example, dividing 14 by 3 gives a quotient of 4 and a remainder of 2 because 14 is equal to 4 · 3 + 2. The operator to get the remainder is called the “modulo” operator. In mathematics, this operator is denoted mod, e.g., 14 mod 3 = 2; in Python it is denoted %. For example:

>>> 14 % 3
2

To see why the // and % operators might be useful, think about how you would determine whether an integer is odd or even. An integer is even if it is evenly divisible by 2; i.e., when you divide it by 2, the remainder is 0. So, to decide whether an integer is even, we can “mod” the number by 2 and check the answer.

>>> 14 % 2
0
>>> 15 % 2
1


Reflection 2.1 The floor division and modulo operators also work with negative numbers. Try some examples, and try to infer what is happening. What are the rules governing the results?



Consider dividing some integer value x by another integer value y. The floor division and modulo operators always obey the following rules:


	x % y has the same sign as y, and


	(x // y) * y + (x % y) is equal to x.




Confirm these observations yourself by computing


	-14 // 3 and -14 % 3


	14 // -3 and 14 % -3


	-14 // -3 and -14 % -3






Order of operations

Now let’s try something just slightly more interesting: computing the area of a circle with radius 10. (Recall the formula A = πr2.)

>>> 3.14159 * 10 ** 2
314.159
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CHAPTER 3

Visualizing abstraction


We have seen that computer programming is an art, because it applies accumulated knowledge to the world, because it requires skill and ingenuity, and especially because it produces objects of beauty. A programmer who subconsciously views himself as an artist will enjoy what he does and will do it better.

Donald E. Knuth
Turing Award Lecture (1974)

We may say most aptly that the Analytical Engine weaves algebraical patterns just as the Jacquard-loom weaves flowers and leaves.

Ada Lovelace
Notes (1843)



SUPPOSE we have a list of 1,000 two-dimensional points representing the sites of ancient artifacts discovered during an excavation, and we would like to know whether there is any pattern to our discoveries. By looking at a list of raw data like the following, would you be able to draw any conclusions?
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CHAPTER 4

Growth and decay


Our population and our use of the finite resources of planet Earth are growing exponentially, along with our technical ability to change the environment for good or ill.

Stephen Hawking
TED talk (2008)



SOME of the most fundamental questions asked in the natural and social sciences concern the dynamic sizes of populations and other quantities over time. For example, we may be interested in the size of a plant population being affected by an invasive species, the magnitude of an infection facing a human population, the quantity of a radioactive material in a storage facility, the penetration of a product in the global marketplace, or the evolving characteristics of a dynamic social network. The possibilities are endless.

To study situations like these, scientists develop a simplified model that abstracts key characteristics of the actual situation so that it might be more easily understood and explored. In this sense, a model is another example of abstraction. Once we have a model that describes the problem, we can write a simulation that shows what happens when the model is applied over time. The power of modeling and simulation lies in their ability to either provide a theoretical framework for past observations or predict future behavior. Scientists often use models in parallel with traditional experiments to compare their observations to a proposed theoretical framework. These parallel scientific processes are illustrated in Figure 4.1. On the left is the computational process. In this case, we use “model” instead of “algorithm” to acknowledge the possibility that the model is mathematical rather than algorithmic. (We will talk more about this process in Section 7.1.) On the right side is the parallel experimental process, guided by the scientific method. The results of the computational and experimental processes can be compared, possibly leading to model adjustments or new experiments to improve the results.


[image: ]

Figure 4.1 Parallel experimental and computational processes.



When we model the dynamic behavior of populations, we will assume that time ticks in discrete steps and, at any particular time step, the current population size is based on the population size at the previous time step. Depending on the problem, a time step may be anywhere from a nanosecond to a century. In general, a new time step may bring population increases, in the form of births and immigration, and population decreases, in the form of deaths and emigration. In this chapter, we will discuss a fundamental algorithmic technique, called an accumulator, that we will use to model dynamic processes like these. Accumulators crop up in all kinds of problems, and lie at the foundation of a variety of different algorithmic techniques. We will continue to see examples throughout the book.


4.1 DISCRETE MODELS


Managing a fishing pond

Suppose we manage a fishing pond that contained a population of 12,000 largemouth bass on January 1 of this year. With no fishing, the bass population is expected to grow at a rate of 8% per year, which incorporates both the birth rate and the death rate of the population. The maximum annual fishing harvest allowed is 1,500 bass. Since this is a popular fishing spot, this harvest is attained every year. Is our maximum annual harvest sustainable? If not, how long until the fish population dies out? Should we reduce the maximum harvest? If so, what should it be reduced to?

We can find the projected population size for any given year by starting with the initial population size, and then computing the population size in each successive year based on the size in the previous year. For example, suppose we wanted to know the projected population size four years from now. We start with the initial population of largemouth bass, assigned to a variable named population0:

population0 = 12000

Then we want to set the population size at the end of the first year to be this initial population size, plus 8% of the initial population size, minus 1,500. In other words, if we let population1 represent the population size at the end of the first year, then

population1 = population0 + 0.08 * population0 - 1500  # 11,460

or, equivalently,

population1 = 1.08 * population0 - 1500    # 11,460.0

The population size at the end of the second year is computed in the same way, based on the value of population1:

population2 = 1.08 * population1 - 1500    # 10,876.8

Continuing,

population3 = 1.08 * population2 - 1500    # 10,246.94
population4 = 1.08 * population3 - 1500    # 9,566.6952

So this model projects that the bass population in four years will be 9, 566 (ignoring the “fractional fish” represented by the digits to the right of the decimal point).

The process we just followed was obviously repetitive (or iterative), and is therefore ripe for a for loop. Recall that we used the following for loop in Section 3.2 to draw our geometric flower with eight petals:

for segment in range(8):
    tortoise.forward(length)
    tortoise.left(135)

The keywords for and in are required syntax elements, while the parts in red are up to the programmer. The variable name, in this case segment, is called an index variable. The part in red following in is a list of values assigned to the index variable, one value per iteration. Because range(8) represents a list of integers between 0 and 7, this loop is equivalent to the following sequence of statements:

segment = 0
tortoise.forward(length)
tortoise.left(135)
segment = 1
tortoise.forward(length)
tortoise.left(135)
segment = 2
tortoise.forward(length)
tortoise.left(135)
  ⋮
segment = 7
tortoise.forward(length)
tortoise.left(135)

Because eight different values are assigned to segment, the loop executes the two drawing statements in the body of the loop eight times.

In our fish pond problem, to compute the population size at the end of the fourth year, we performed four computations, namely:

population0 = 12000
population1 = 1.08 * population0 - 1500   # 11460.0
population2 = 1.08 * population1 - 1500   # 10876.8
population3 = 1.08 * population2 - 1500   # 10246.94
population4 = 1.08 * population3 - 1500   # 9566.6952

So we need a for loop that will iterate four times:

for year in range(4):
    # compute population based on previous population

In each iteration of the loop, we want to compute the current year’s population size based on the population size in the previous year. In the first iteration, we want to compute the value that we assigned to population1. And, in the second, third, and fourth iterations, we want to compute the values that we assigned to population2, population3, and population4.

But how do we generalize these four statements into one statement that we can repeat four times? The trick is to notice that, once each variable is used to compute the next year’s population, it is never used again. Therefore, we really have no need for all of these variables. Instead, we can use a single variable population, called an accumulator variable (or just accumulator), that we multiply by 1.08 and subtract 1500 from each year. We initialize population = 12000, and then for each successive year we assign

population = 1.08 * population - 1500

Remember that an assignment statement evaluates the righthand side first. So the value of population on the righthand size of the equals sign is the previous year’s population, which is used to compute the current year’s population that is assigned to population of the lefthand side.

population = 12000
for year in range(4):
    population = 1.08 * population - 1500

This for loop is equivalent to the following statements:
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In the first iteration of the for loop, 0 is assigned to year and population is assigned the previous value of population (12000) times 1.08 minus 1500, which is 11460.0. Then, in the second iteration, 1 is assigned to year and population is once again assigned the previous value of population (now 11460.0) times 1.08 minus 1500, which is 10876.8. This continues two more times, until the for loop ends. The final value of population is 9566.6952, as we computed earlier.


Reflection 4.1 Type in the statements above and add the following statement after the assignment to population in the body of the for loop:

print(year + 1, int(population))

Run the program. What is printed? Do you see why?



We see in this example that we can use the index variable year just like any other variable. Since year starts at zero and the first iteration of the loop is computing the population size in year 1, we print year + 1 instead of year.


Reflection 4.2 How would you change this loop to compute the fish population in five years? Ten years?



Changing the number of years to compute is now simple. All we have to do is change the value in the range to whatever we want: range(5), range(10), etc. If we put this computation in a function, then we can have the parameter be the desired number of years:

def pond(years):
    """Simulates a fish population in a fishing pond, and
       prints annual population size.  The population
       grows 8% per year with an annual harvest of 1500.

    Parameter:
        years: number of years to simulate

    Return value: the final population size
    """

    population = 12000
    for year in range(years):
        population = 1.08 * population - 1500
        print(year + 1, int(population))

    return population

def main():
    finalPopulation = pond(10)
    print('The final population is', finalPopulation)

main()


Reflection 4.3 What would happen if population = 12000 was inside the body of the loop instead of before it? What would happen if we omitted the population = 12000 statement altogether?



The initialization of the accumulator variable before the loop is crucial. If population were not initialized before the loop, then an error would occur in the first iteration of the for loop because the righthand side of the assignment statement would not make any sense!


Reflection 4.4 Use the pond function to answer the original questions: Is this maximum harvest sustainable? If not, how long until the fish population dies out? Should the pond manager reduce the maximum harvest? If so, what should it be reduced to?



Calling this function with a large enough number of years shows that the fish population drops below zero (which, of course, can’t really happen) in year 14:

1 11460
2 10876
3 10246
⋮
13 392
14 -1076
⋮

This harvesting plan is clearly not sustainable, so the pond manager should reduce it to a sustainable level. In this case, determining the sustainable level is easy: since the population grows at 8% per year and the pond initially contains 12,000 fish, we cannot allow more than 0.08 · 12000 = 960 fish to be harvested per year without the population declining.


Reflection 4.5 Generalize the pond function with two additional parameters: the initial population size and the annual harvest. Using your modified function, compute the number of fish that will be in the pond in 15 years if we change the annual harvest to 800.



With these modifications, your function might look like this:

def pond(years, initialPopulation, harvest):
    """ (docstring omitted) """

    population = initialPopulation
    for year in range(years):
        population = 1.08 * population - harvest
        print(year + 1, int(population))

    return population

The value of the initialPopulation parameter takes the place of our previous initial population of 12000 and the parameter named harvest takes the place of our previous harvest of 1500. To answer the question above, we can replace the call to the pond function from main with:

finalPopulation = pond(15, 12000, 800)

The result that is printed is:

1 12160
2 12332
3 12519
4 12720
⋮
13 15439
14 15874
15 16344
The final population is 16344.338228396558


Reflection 4.6 How would you call the new version of the pond function to replicate its original behavior, with an annual harvest of 1500?



Before moving on, let’s look at a helpful Python trick, called a format string, that enables us to format our table of annual populations in a more attractive way. To illustrate the use of a format string, consider the following modified version of the previous function.

def pond(years, initialPopulation, harvest):
    """ (docstring omitted) """

    population = initialPopulation
    print('Year | Population')
    print('-----|-----------')
    for year in range(years):
        population = 1.08 * population - harvest
        print('{0:^4} | {1:>9.2f}'.format(year + 1, population))

    return population

The function begins by printing a table header to label the columns. Then, in the call to the print function inside the for loop, we utilize a format string to line up the two values in each row. The syntax of a format string is

'<replacement fields>'.format(<values to format>)

(The parts in red above are descriptive and not part of the syntax.) The period between the the string and format indicates that format is a method of the string class; we will talk more about the string class in Chapter 6. The parameters of the format method are the values to be formatted. The format for each value is specified in a replacement field enclosed in curly braces ({}) in the format string.

In the example in the for loop above, the {0:^4} replacement field specifies that the first (really the “zero-th”; computer scientists like to start counting at 0) argument to format, in this case year + 1, should be centered (^) in a field of width 4. The {1:>9.2f} replacement field specifies that population, as the second argument to format, should be right justified (>) in a field of width 9 as a floating point number with two places to the right of the decimal point (.2f). When formatting floating point numbers (specified by the f), the number before the decimal point in the replacement field is the minimum width, including the decimal point. The number after the decimal point in the replacement field is the minimum number of digits to the right of the decimal point in the number. (If we wanted to align to the left, we would use <.) Characters in the string that are not in replacement fields (in this case, two spaces with a vertical bar between them) are printed as-is. So, if year were assigned the value 11 and population were assigned the value 1752.35171, the above statement would print
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To fill spaces with something other than a space, we can use a fill character immediately after the colon. For example, if we replaced the second replacement field with {1:*>9.2f}, the previous statement would print the following instead:
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Measuring network value

Now let’s consider a different problem. Suppose we have created a new online social network (or a new group within an existing social network) that we expect to steadily grow over time. Intuitively, as new members are added, the value of the network to its members grows because new relationships and opportunities become available. The potential value of the network to advertisers also grows as new members are added. But how can we quantify this value?

We will assume that, in our social network, two members can become connected or “linked” by mutual agreement, and that connected members gain access to each other’s network profile. The inherent value of the network lies in these connections, or links, rather than in the size of its membership. Therefore, we need to figure out how the potential number of links grows as the number of members grows. The picture below visualizes this growth. The circles, called nodes, represent members of the social network and lines between nodes represent links between members.
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At each step, the red node is added to the network. In each step, the red links represent all of the potential new connections that could result from the addition of the new member.


Reflection 4.7 What is the maximum number of new connections that could arise when each of nodes 2, 3, 4, and 5 are added? In general, what is the maximum number of new connections that could arise from adding node number n?



Node 2 adds a maximum of 1 new connection, node 3 adds a maximum of 2 new connections, node 4 adds a maximum of 3 new connections, etc. In general, a maximum of n – 1 new connections arise from the addition of node number n. This pattern is illustrated in the table below.
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Therefore, as shown in the last row, the maximum number of links in a network with n nodes is the sum of the numbers in the second row:

1 + 2 + 3 + . . . + n − 1.

We will use this sum to represent the potential value of the network.

Let’s write a function, similar to the previous one, that lists the maximum number of new links, and the maximum total number of links, as new nodes are added to a network. In this case, we will need an accumulator to count the total number of links. Adapting our pond function to this new purpose gives us the following:

def countLinks(totalNodes):
    """Prints a table with the maximum total number of links
       in networks with 2 through totalNodes nodes.

    Parameter:
        totalNodes: the total number of nodes in the network

    Return value:
        the maximum number of links in a network with totalNodes nodes
    """

    totalLinks = 0
    for node in range(totalNodes):
        newLinks = ???
        totalLinks = totalLinks + newLinks
        print(node, newLinks, totalLinks)

    return totalLinks

In this function, we want our accumulator variable to count the total number of links, so we renamed it from population to to totalLinks, and initialized it to zero. Likewise, we renamed the parameter, which specifies the number of iterations, from years to totalNodes, and we renamed the index variable of the for loop from year to node because it will now be counting the number of the node that we are adding at each step. In the body of the for loop, we add to the accumulator the maximum number of new links added to the network with the current node (we will return to this in a moment) and then print a row containing the node number, the maximum number of new links, and the maximum total number of links in the network at that point.

Before we determine what the value of newLinks should be, we have to resolve one issue. In the table above, the node numbers range from 2 to the number of nodes in the network, but in our for loop, node will range from 0 to totalNodes - 1. This turns out to be easily fixed because the range function can generate a wider variety of number ranges than we have seen thus far. If we give range two arguments instead of one, like range(start, stop), the first argument is interpreted as a starting value and the second argument is interpreted as the stopping value, producing a range of values starting at start and going up to, but not including, stop. For example, range(-5, 10) produces the integers –5,–4,–3, . . ., 8, 9.

To see this for yourself, type range(-5, 10) into the Python shell (or print it in a program).

>>> range(-5, 10)
range(-5, 10)

Unfortunately, you will get a not-so-useful result, but one that we can fix by converting the range to a list of numbers. A list, enclosed in square brackets ([ ]), is another kind of abstract data type that we will make extensive use of in later chapters. To convert the range to a list, we can pass it as an argument to the list function:

>>> list(range(-5, 10))
[-5, -4, -3, -2, -1, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9]


Reflection 4.8 What list of numbers does range(1, 10) produce? What about range(10, 1)? Can you explain why in each case?




Reflection 4.9 Back to our program, what do we want our for loop to look like?



For node to start at 2 and finish at totalNodes, we want our for loop to be

for node in range(2, totalNodes + 1):

Now what should the value of newLinks be in our program? The answer is in the table we constructed above; the maximum number of new links added to the network with node number n is n – 1. In our loop, the node number is assigned to the name node, so we need to add node - 1 links in each step:

newLinks = node - 1

With these substitutions, our function looks like this:

def countLinks(totalNodes):
    """ (docstring omitted) """

    totalLinks = 0
    for node in range(2, totalNodes + 1):
        newLinks = node - 1
        totalLinks = totalLinks + newLinks
        print(node, newLinks, totalLinks)

    return totalLinks

def main():
    links = countLinks(10)
    print('The total number of links is', links)

main()

As with our previous for loop, we can see more clearly what this loop does by looking at an equivalent sequence of statements. The changing value of node is highlighted in red.

totalLinks = 0

node = 2
newLinks = node - 1                 # newLinks is assigned 2 - 1 = 1
totalLinks = totalLinks + newLinks  # totalLinks is assigned 0 + 1 = 1
print(node, newLinks, totalLinks)   # prints 2 1 1

node = 3
newLinks = node - 1                 # newLinks is assigned 3 - 1 = 2
totalLinks = totalLinks + newLinks  # totalLinks is assigned 1 + 2 = 3
print(node, newLinks, totalLinks)   # prints 3 2 3

node = 4
newLinks = node - 1                 # newLinks is assigned 4 - 1 = 3
totalLinks = totalLinks + newLinks  # totalLinks is assigned 3 + 3 = 6
print(node, newLinks, totalLinks)   # prints 4 3 6

 ⋮

node = 10
newLinks = node - 1                 # newLinks is assigned 10 - 1 = 9
totalLinks = totalLinks + newLinks  # totalLinks is assigned 36 + 9 = 45
print(node, newLinks, totalLinks)   # prints 10 9 45

When we call countLinks(10) from the main function above, it prints

2 1 1
3 2 3
4 3 6
5 4 10
6 5 15
7 6 21
8 7 28
9 8 36
10 9 45
The total number of links is 45

We leave lining up the columns more uniformly using a format string as an exercise.


Reflection 4.10 What does countLinks(100) return? What does this represent?





Organizing a concert

Let’s look at one more example. Suppose you are putting on a concert and need to figure out how much to charge per ticket. Your total expenses, for the band and the venue, are $8000. The venue can seat at most 2,000 and you have determined through market research that the number of tickets you are likely to sell is related to a ticket’s selling price by the following relationship:

sales = 2500 - 80 * price

According to this relationship, if you give the tickets away for free, you will overfill your venue. On the other hand, if you charge too much, you won’t sell any tickets at all. You would like to price the tickets somewhere in between, so as to maximize your profit. Your total income from ticket sales will be sales * price, so your profit will be this amount minus $8000.

To determine the most profitable ticket price, we can create a table using a for loop similar to that in the previous two problems. In this case, we would like to iterate over a range of ticket prices and print the profit resulting from each choice. In the following function, the for loop starts with a ticket price of one dollar and adds one to the price in each iteration until it reaches maxPrice dollars.

def profitTable(maxPrice):
    """Prints a table of profits from a show based on ticket price.

    Parameters:
        maxPrice: maximum price to consider

    Return value: None
    """

    print('Price   Income    Profit')
    print('------ --------- ---------')
    for price in range(1, maxPrice + 1):
        sales = 2500 - 80 * price
        income = sales * price
        profit = income - 8000
        formatString = '${0:>5.2f}  ${1:>8.2f}  ${2:8.2f}'
        print(formatString.format(price, income, profit))

def main():
    profitTable(25)

main()

The number of expected sales in each iteration is computed from the value of the index variable price, according to the relationship above. Then we print the price and the resulting income and profit, formatted nicely with a format string. As we did previously, we can look at what happens in each iteration of the loop:

price = 1
sales = 2500 - 80 * price       # sales is assigned 2500 - 80 * 1 = 2420
income = sales * price          # income is assigned  2420 * 1 = 2420
profit = income - 8000          # profit is assigned 2420 - 8000 = -5580
print(price, income, profit)    # prints  $ 1.00   $ 2420.00   $-5580.00

price = 2
sales = 2500 - 80 * price       # sales is assigned 2500 - 80 * 2 = 2340
income = sales * price          # income is assigned  2340 * 2 = 4680
profit = income - 8000          # profit is assigned 4680 - 8000 = -3320
print(price, income, profit)    # prints  $ 2.00   $ 4680.00   $-3320.00

price = 3
sales = 2500 - 80 * price       # sales is assigned 2500 - 80 * 3 = 2260
income = sales * price          # income is assigned  2260 * 3 = 6780
profit = income - 8000          # profit is assigned 6780 - 8000 = -1220
print(price, income, profit)    # prints  $ 3.00   $ 6780.00   $-1220.00
 ⋮


Reflection 4.11 Run this program and determine what the most profitable ticket price is.



The program prints the following table:

Price     Income      Profit
------   ---------   ---------
$ 1.00   $ 2420.00   $-5580.00
$ 2.00   $ 4680.00   $-3320.00
$ 3.00   $ 6780.00   $-1220.00
$ 4.00   $ 8720.00   $  720.00
⋮
$15.00   $19500.00   $11500.00
$16.00   $19520.00   $11520.00
$17.00   $19380.00   $11380.00
⋮
$24.00   $13920.00   $ 5920.00
$25.00   $12500.00   $ 4500.00

The profit in the third column increases until it reaches $11,520.00 at a ticket price of $16, then it drops off. So the most profitable ticket price seems to be $16.


Reflection 4.12 Our program only considered whole dollar ticket prices. How can we modify it to increment the ticket price by fifty cents in each iteration instead?



The range function can only create ranges of integers, so we cannot ask the range function to increment by 0.5 instead of 1. But we can achieve our goal by doubling the range of numbers that we iterate over, and then set the price in each iteration to be the value of the index variable divided by two.

def profitTable(maxPrice):
    """ (docstring omitted) """

    print('Price   Income    Profit')
    print('------ --------- ---------')
    for price in range(1, 2 * maxPrice + 1):
        realPrice = price / 2
        sales = 2500 - 80 * realPrice
        income = sales * realPrice
        profit = income - 8000
        formatString = '${0:>5.2f}  ${1:>8.2f}  ${2:8.2f}'
        print(formatString.format(realPrice, income, profit))

Now when price is 1, the “real price” that is used to compute profit is 0.5. When price is 2, the “real price” is 1.0, etc.


Reflection 4.13 Does our new function find a more profitable ticket price than $16?



Our new function prints the following table.

Price    Income     Profit
------  ---------  ---------
$ 0.50  $ 1230.00  $-6770.00
$ 1.00  $ 2420.00  $-5580.00
$ 1.50  $ 3570.00  $-4430.00
$ 2.00  $ 4680.00  $-3320.00
⋮
$15.50  $19530.00  $11530.00
$16.00  $19520.00  $11520.00
$16.50  $19470.00  $11470.00
⋮
$24.50  $13230.00  $ 5230.00
$25.00  $12500.00  $ 4500.00

If we look at the ticket prices around $16, we see that $15.50 will actually make $10 more.

Just from looking at the table, the relationship between the ticket price and the profit is not as clear as it would be if we plotted the data instead. For example, does profit rise in a straight line to the maximum and then fall in a straight line? Or is it a more gradual curve? We can answer these questions by drawing a plot with turtle graphics, using the goto method to move the turtle from one point to the next.

import turtle

def profitPlot(tortoise, maxPrice):
    """ (docstring omitted) """

    for price in range(1, 2 * maxPrice + 1):
        realPrice = price / 2
        sales = 2500 - 80 * realPrice
        income = sales * realPrice
        profit = income - 8000
        tortoise.goto(realPrice, profit)

def main():
    george = turtle.Turtle()
    screen = george.getscreen()
    screen.setworldcoordinates(0, -15000, 25, 15000)
    profitPlot(george, 25)
    screen.exitonclick()

main()

Our new main function sets up a turtle and then uses the setworldcoordinates function to change the coordinate system in the drawing window to fit the points that we are likely to plot. The first two arguments to setworldcoordinates set the coordinates of the lower left corner of the window, in this case (0,–15, 000). So the minimum visible x value (price) in the window will be zero and the minimum visible y value (profit) will be –15, 000. The second two arguments set the coordinates in the upper right corner of the window, in this case (25, 15,000). So the maximum visible x value (price) will be 25 and the maximum visible y value (profit) will be 15, 000. In the for loop in the profitPlot function, since the first value of realPrice is 0.5, the first goto is

george.goto(0.5, -6770)

which draws a line from the origin (0, 0) to (0.5,–6770). In the next iteration, the value of realPrice is 1.0, so the loop next executes

george.goto(1.0, -5580)

which draws a line from the previous position of (0.5,–6770) to (1.0,–5580). The next value of realPrice is 1.5, so the loop then executes

george.goto(1.5, -4430)

which draws a line from from (1.0,–5580) to (1.5,–4430). And so on, until realPrice takes on its final value of 25 and we draw a line from the previous position of (24.5, 5230) to (25, 4500).


Reflection 4.14 What shape is the plot? Can you see why?




Reflection 4.15 When you run this plotting program, you will notice an ugly line from the origin to the first point of the plot. How can you fix this? (We will leave the answer as an exercise.)





Exercises

Write a function for each of the following problems. When appropriate, make sure the function returns the specified value (rather than just printing it). Be sure to appropriately document your functions with docstrings and comments.

4.1.1. Write a function

print100()

that uses a for loop to print the integers from 0 to 100.

4.1.2. Write a function

triangle1()

that uses a for loop to print the following:

*
**
***
****
*****
******
*******
********
*********
**********

4.1.3. Write a function

square(letter, width)

that prints a square with the given width using the string letter. For example, square('Q', 5) should print:

QQQQQ
QQQQQ
QQQQQ
QQQQQ
QQQQQ

4.1.4. Write a for loop that prints the integers from –50 to 50.

4.1.5. Write a for loop that prints the odd integers from 1 to 100. (Hint: use range(50).)

4.1.6. On Page 43, we talked about how to simulate the minutes ticking on a digital clock using modular arithmetic. Write a function

clock(ticks)

that prints ticks times starting from midnight, where the clock ticks once each minute. To simplify matters, the midnight hour can be denoted 0 instead of 12. For example, clock(100) should print

0:00
0:01
0:02
⋮
0:59
1:00
1:01
⋮
1:38
1:39

To line up the colons in the times and force the leading zero in the minutes, use a format string like this:

print('{0:>2}:{1:0>2}'.format(hours, minutes))

4.1.7. There are actually three forms of the range function:


	1 parameter: range(stop)


	2 parameters: range(start, stop)


	3 parameters: range(start, stop, skip)




With three arguments, range produces a range of integers starting at the start value and ending at or before stop - 1, adding skip each time. For example,

range(5, 15, 2)

produces the range of numbers 5, 7, 9, 11, 13 and

range(-5, -15, -2)

produces the range of numbers -5, -7, -9, -11, -13. To print these numbers, one per line, we can use a for loop:

for number in range(-5, -15, -2):
    print(number)


	Write a for loop that prints the even integers from 2 to 100, using the third form of the range function.

	Write a for loop that prints the odd integers from 1 to 100, using the third form of the range function.

	Write a for loop that prints the integers from 1 to 100 in descending order.

	Write a for loop that prints the values 7, 11, 15, 19.

	Write a for loop that prints the values 2, 1, 0, –1, –2.

	Write a for loop that prints the values –7, –11, –15, –19.



4.1.8. Write a function

multiples(n)

that prints all of the multiples of the parameter n between 0 and 100, inclusive. For example, if n were 4, the function should print the values 0, 4, 8, 12, . . . .

4.1.9. Write a function

countdown(n)

that prints the integers between 0 and n in descending order. For example, if n were 5, the function should print the values 5, 4, 3, 2, 1, 0.

4.1.10. Write a function

triangle2()

that uses a for loop to print the following:

*****
****
***
**
*

4.1.11. Write a function

triangle3()

that uses a for loop to print the following:

******
 *****
  ****
   ***
    **
     *

4.1.12. Write a function

diamond()

that uses for loops to print the following:

***** *****
****   ****
***     ***
**       **
*         *
*         *
**       **
***     ***
****   ****
***** *****

4.1.13. Write a function

circles(tortoise)

that uses turtle graphics and a for loop to draw concentric circles with radii 10, 20, 30, . . ., 100. (To draw each circle, you may use the turtle graphics circle method or the drawCircle function you wrote in Exercise 3.3.8.

4.1.14. In the profitPlot function in the text, fix the problem raised by Reflection 4.15.

4.1.15. Write a function

plotSine(tortoise, n)

that uses turtle graphics to plot sin x from x = 0 to x = n degrees. Use setworldcoordinates to make the x coordinates of the window range from 0 to 1080 and the y coordinates range from -1 t0 1.

4.1.16. Python also allows us to pass function names as parameters. So we can generalize the function in Exercise 4.1.15 to plot any function we want. We write a function

plot(tortoise, n, f)

where f is the name of an arbitrary function that takes a single numerical argument and returns a number. Inside the for loop in the plot function, we can apply the function f to the index variable x with

tortoise.goto(x, f(x))

To call the plot function, we need to define one or more functions to pass in as arguments. For example, to plot x2, we can define

def square(x):
   return x * x

and then call plot with

plot(george, 20, square)

Or, to plot an elongated sin x, we could define

def sin(x):
   return 10 * math.sin(x)

and then call plot with

plot(george, 20, sin)

After you create your new version of plot, also create at least one new function to pass into plot for the parameter f. Depending on the functions you pass in, you may need to adjust the window coordinate system with setworldcoordinates.

4.1.17. Modify the profitTable function so that it considers all ticket prices that are multiples of a quarter.

4.1.18. Generalize the pond function so that it also takes the annual growth rate as a parameter.

4.1.19. Generalize the pond function further to allow for the pond to be annually restocked with an additional quantity of fish.

4.1.20. Modify the countLinks function so that it prints a table like the following:

|       |   Links     |
| Nodes | New | Total |
| ----- | --- | ----- |
|   2   | 1   |     1 |
|   3   | 2   |     3 |
|   4   | 3   |     6 |
|   5   | 4   |    10 |
|   6   | 5   |    15 |
|   7   | 6   |    21 |
|   8   | 7   |    28 |
|   9   | 8   |    36 |
|  10   | 9   |    45 |

4.1.21. Write a function

growth1(totalDays)

that simulates a population growing by 3 individuals each day. For each day, print the day number and the total population size.

4.1.22. Write a function

growth2(totalDays)

that simulates a population that grows by 3 individuals each day but also shrinks by, on average, 1 individual every 2 days. For each day, print the day number and the total population size.

4.1.23. Write a function

growth3(totalDays)

that simulates a population that increases by 110% every day. Assume that the initial population size is 10. For each day, print the day number and the total population size.

4.1.24. Write a function

growth4(totalDays)

that simulates a population that grows by 2 on the first day, 4 on the second day, 8 on the third day, 16 on the fourth day, etc. Assume that the initial population size is 10. For each day, print the day number and the total population size.

4.1.25. Write a function

sum(n)

that returns the sum of the integers between 1 and n, inclusive. For example, sum(4) returns 1 + 2 + 3 + 4 = 10. (Use a for loop; if you know a shortcut, don’t use it.)

4.1.26. Write a function

sumEven(n)

that returns the sum of the even integers between 2 and n, inclusive. For example, sumEven(6) returns 2 + 4 + 6 = 12. (Use a for loop.)

4.1.27. Between the ages of three and thirteen, girls grow an average of about six centimeters per year. Write a function

growth(finalAge)

that prints a simple height chart based on this information, with one entry for each age, assuming the average girl is 95 centimeters (37 inches) tall at age three.

4.1.28. Write a function

average(low, high)

that returns the average of the integers between low and high, inclusive. For example, average(3, 6) returns (3 + 4 + 5 + 6)/4 = 4.5.

4.1.29. Write a function

factorial(n)

that returns the value of n! = 1 × 2 × 3 × . . . × (n – 1) × n. (Be careful; how should the accumulator be initialized?)

4.1.30. Write a function

power(base, exponent)

that returns the value of base raised to the exponent power, without using the ** operator. Assume that exponent is a positive integer.

4.1.31. The geometric mean of n numbers is defined to be the nth root of the product of the numbers. (The nth root is the same as the 1/n power.) Write a function

geoMean(high)

that returns the geometric mean of the numbers between 1 and high, inclusive.

4.1.32. Write a function

sumDigits(number, numDigits)

that returns the sum of the individual digits in a parameter number that has numDigits digits. For example, sumDigits(1234, 4) should return the value 1 + 2 + 3 + 4 = 10. (Hint: use a for loop and integer division (// and %).)

4.1.33. Consider the following fun game. Pick any positive integer less than 100 and add the squares of its digits. For example, if you choose 25, the sum of the squares of its digits is 22 + 52 = 29. Now make the answer your new number, and repeat the process. For example, if we continue this process starting with 25, we get: 25, 29, 85, 89, 145, 42, etc.

Write a function

fun(number, iterations)

that prints the sequence of numbers generated by this game, starting with the two digit number, and continuing for the given number of iterations. It will be helpful to know that no number in a sequence will ever have more than three digits. Execute your function with every integer between 15 and 25, with iterations at least 30. What do you notice? Can you classify each of these integers into one of two groups based on the results?

4.1.34. You have $1,000 to invest and need to decide between two savings accounts. The first account pays interest at an annual rate of 1% and is compounded daily, meaning that interest is earned daily at a rate of (1/365)%. The second account pays interest at an annual rate of 1.25% but is compounded monthly. Write a function

interest(originalAmount, rate, periods)

that computes the interest earned in one year on originalAmount dollars in an account that pays the given annual interest rate, compounded over the given number of periods. Assume the interest rate is given as a percentage, not a fraction (i.e., 1.25 vs. 0.0125). Use the function to answer the original question.

4.1.35. Suppose you want to start saving a certain amount each month in an investment account that compounds interest monthly. To determine how much money you expect to have in the future, write a function

invest(investment, rate, years)

that returns the income earned by investing investment dollars every month in an investment account that pays the given rate of return, compounded monthly (rate / 12 % each month).

4.1.36. A mortgage loan is charged some rate of interest every month based on the current balance on the loan. If the annual interest rate of the mortgage is r%, then interest equal to r/12 % of the current balance is added to the amount owed each month. Also each month, the borrower is expected to make a payment, which reduces the amount owed.

Write a function

mortgage(principal, rate, years, payment)

that prints a table of mortgage payments and the remaining balance every month of the loan period. The last payment should include any remaining balance. For example, paying $1,000 per month on a $200,000 loan at 4.5% for 30 years should result in the following table:

Month   Payment     Balance
1       1000.00   199750.00
2       1000.00   199499.06
3       1000.00   199247.18
⋮
359     1000.00    11111.79
360    11153.46        0.00

4.1.37. Suppose a bacteria colony grows at a rate of 10% per hour and that there are initially 100 bacteria in the colony. Write a function

bacteria(days)

that returns the number of bacteria in the colony after the given number of days. How many bacteria are in the colony after one week?

4.1.38. Generalize the function that you wrote for the previous exercise so that it also accepts parameters for the initial population size and the growth rate. How many bacteria are in the same colony after one week if it grows at 15% per hour instead?




4.2 VISUALIZING POPULATION CHANGES

Visualizing changes in population size over time will provide more insight into how population models evolve. We could plot population changes with turtle graphics, as we did in Section 4.1, but instead, we will use a dedicated plotting module called matplotlib, so-named because it emulates the plotting capabilities of the technical programming language MATLAB1. If you do not already have matplotlib installed on your computer, see Appendix A for instructions.

To use matplotlib, we first import the module using

import matplotlib.pyplot as pyplot

matplotlib.pyplot is the name of module; “as pyplot” allows us to refer to the module in our program with the abbreviation pyplot instead of its rather long full name. The basic plotting functions in matplotlib take two arguments: a list of x values and an associated list of y values. A list in Python is an object of the list class, and is represented as a comma-separated sequence of items enclosed in square brackets, such as

[4, 7, 2, 3.1, 12, 2.1]

We saw lists briefly in Section 4.1 when we used the list function to visualize range values; we will use lists much more extensively in Chapter 8. For now, we only need to know how to build a list of population sizes in our for loop so that we can plot them. Let’s look at how to do this in the fishing pond function from Page 119, reproduced below.

def pond(years, initialPopulation, harvest):
    """ (docstring omitted) """

    population = initialPopulation
    print('Year Population')
    for year in range(years):
        population = 1.08 * population - harvest
        print('{0:^4} {1:>9.2f}'.format(year + 1, population))

    return population

We start by creating an empty list of annual population sizes before the loop:

populationList = [ ]

As you can see, an empty list is denoted by two square brackets with nothing in between. To add an annual population size to the end of the list, we will use the append method of the list class. We will first append the initial population size to the end of the empty list with

populationList.append(initialPopulation)

If we pass in 12000 for the initial population parameter, this will result in populationList becoming the single-element list [12000]. Inside the loop, we want to append each value of population to the end of the growing list with

populationList.append(population)

Incorporating this code into our pond function, and deleting the calls to print, yields:

def pond(years, initialPopulation, harvest):
    """Simulates a fish population in a fishing pond, and
       plots annual population size.  The population
       grows 8% per year with an annual harvest.

    Parameters:
       years: number of years to simulate
       initialPopulation: the initial population size
       harvest: the size of the annual harvest

    Return value: the final population size
    """

    population = initialPopulation
    populationList = [ ]
    populationList.append(initialPopulation)
    for year in range(years):
        population = 1.08 * population - harvest
        populationList.append(population)

    return population

The table below shows how the populationList grows with each iteration by appending the current value of population to its end, assuming an initial population of 12,000. When the loop finishes, we have years + 1 population sizes in our list.


[image: ]

Figure 4.2 Plot of population size in our fishing pond model with years = 15.
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There is a strong similarity between the manner in which we are appending elements to a list and the accumulators that we have been talking about in this chapter. In an accumulator, we accumulate values into a sum by repeatedly adding new values to a running sum. The running sum changes (usually grows) in each iteration of the loop. With the list in the for loop above, we are accumulating values in a different way—by repeatedly appending them to the end of a growing list. Therefore, we call this technique a list accumulator.

We now want to use this list of population sizes as the list of y values in a matplotlib plot. For the x values, we need a list of the corresponding years, which can be obtained with range(years + 1). Once we have both lists, we can create a plot by calling the plot function and then display the plot by calling the show function:

pyplot.plot(range(years + 1), populationList)
pyplot.show()

The first argument to the plot function is the list of x values and the second parameter is the list of y values. The matplotlib module includes many optional ways to customize our plots before we call show. Some of the simplest are functions that label the x and y axes:

pyplot.xlabel('Year')
pyplot.ylabel('Fish Population Size')

Incorporating the plotting code yields the following function, whose output is shown in Figure 4.2.

import matplotlib.pyplot as pyplot

def pond(years, initialPopulation, harvest):
    """ (docstring omitted) """

    population = initialPopulation
    populationList = [ ]
    populationList.append(initialPopulation)
    for year in range(years):
        population = 1.08 * population - harvest
        populationList.append(population)

    pyplot.plot(range(years + 1), populationList)
    pyplot.xlabel('Year')
    pyplot.ylabel('Fish Population Size')
    pyplot.show()

    return population

For more complex plots, we can alter the scales of the axes, change the color and style of the curves, and label multiple curves on the same plot. See Appendix B.4 for a sample of what is available. Some of the options must be specified as keyword arguments of the form name = value. For example, to color a curve in a plot red and specify a label for the plot legend, you would call something like this:

pyplot.plot(x, y, color = 'red', label = 'Bass population')
pyplot.legend()    # creates a legend from labeled lines


Exercises

4.2.1. Modify the countLinks function on Page 123 so that it uses matplotlib to plot the number of nodes on the x axis and the maximum number of links on the y axis. Your resulting plot should look like the one in Figure 4.3.

4.2.2. Modify the profitPlot function on Page 128 so that it uses matplotlib to plot ticket price on the x axis and profit on the y axis. (Remove the tortoise parameter.) Your resulting plot should look like the one in Figure 4.4. To get the correct prices (in half dollar increments) on the x axis, you will need to create a second list of x values and append the realPrice to it in each iteration.


[image: ]

Figure 4.3 Plot for Exercise 4.2.1.
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Figure 4.4 Plot for Exercise 4.2.2.



4.2.3. Modify your growth1 function from Exercise 4.1.21 so that it uses matplotlib to plot days on the x axis and the total population on the y axis. Create a plot that shows the growth of the population over 30 days.

4.2.4. Modify your growth3 function from Exercise 4.1.23 so that it uses matplotlib to plot days on the x axis and the total population on the y axis. Create a plot that shows the growth of the population over 30 days.

4.2.5. Modify your invest function from Exercise 4.1.35 so that it uses matplotlib to plot months on the x axis and your total accumulated investment amount on the y axis. Create a plot that shows the growth of an investment of $50 per month for ten years growing at an annual rate of 8%.




4.3 CONDITIONAL ITERATION

In our fishing pond model, to determine when the population size fell below zero, it was sufficient to simply print the annual population sizes for at least 14 years, and look at the results. However, if it had taken a thousand years for the population size to fall below zero, then looking at the output would be far less convenient. Instead, we would like to have a program tell us the year directly, by ceasing to iterate when population drops to zero, and then returning the year it happened. This is a different kind of problem because we no longer know how many iterations are required before the loop starts. In other words, we have no way of knowing what value to pass into range in a for loop.

Instead, we need a more general kind of loop that will iterate only while some condition is met. Such a loop is generally called a while loop. In Python, a while loop looks like this:

while <condition>:
    <body>

The <condition> is replaced with a Boolean expression that evaluates to True or False, and the <body> is replaced with statements constituting the body of the loop. The loop checks the value of the condition before each iteration. If the condition is true, it executes the statements in the body of the loop, and then checks the condition again. If the condition is false, the body of the loop is skipped, and the loop ends.

We will talk more about building Boolean expressions in the next chapter; for now we will only need very simple ones like population > 0. This Boolean expression is true if the value of population is positive, and false otherwise. Using this Boolean expression in the while loop in the following function, we can find the year that the fish population drops to 0.

def yearsUntilZero(initialPopulation, harvest):
    """Computes # of years until a fish population reaches zero.
       Population grows 8% per year with an annual harvest.

    Parameters:
        initialPopulation: the initial population size
        harvest: the size of the annual harvest

    Return value: year during which the population reaches zero
    """

    population = initialPopulation
    year = 0
    while population > 0:
        population = 1.08 * population - harvest
        year = year + 1
    return year

Let’s assume that initialPopulation is 12000 and harvest is 1500, as in our original pond function in Section 4.1. Therefore, before the loop, population is 12000 and year is 0. Since population > 0 is true, the loop body executes, causing population to become 11460 and year to become 1. (You might want to refer back to the annual population sizes on Page 118.) We then go back to the top of the loop to check the condition again. Since population > 0 is still true, the loop body executes again, causing population to become 10876 and year to become 2. Iteration continues until year reaches 14. In this year, population becomes -1076.06. When the condition is checked now, we find that population > 0 is false, so the loop ends and the function returns 14.

Using while loops can be tricky for two reasons. First, a while loop may not iterate at all. For example, if the initial value of population were zero, the condition in the while loop will be false before the first iteration, and the loop will be over before it starts.


Reflection 4.16 What will be returned by the function in this case?



A loop that sometimes does not iterate at all is generally not a bad thing, and can even be used to our advantage. In this case, if population were initially zero, the function would return zero because the value of year would never be incremented in the loop. And this is correct; the population dropped to zero in year zero, before the clock started ticking beyond the initial population size. But it is something that one should always keep in mind when designing algorithms involving while loops.

Second, a while loop may become an infinite loop. For example, suppose initialPopulation is 12000 and harvest is 800 instead of 1500. In this case, as we saw on Page 119, the population size increases every year instead. So the population size will never reach zero and the loop condition will never be false, so the loop will iterate forever. For this reason, we must always make sure that the body of a while loop makes progress toward the loop condition becoming false.

Let’s look at one more example. Suppose we have $1000 to invest and we would like to know how long it will take for our money to double in size, growing at 5% per year. To answer this question, we can create a loop like the following that compounds 5% interest each year:

amount = 1000
while ???:
    amount = 1.05 * amount
print(amount)


Reflection 4.17 What should be the condition in the while loop?



We want the loop to stop iterating when amount reaches 2000. Therefore, we want the loop to continue to iterate while amount < 2000.

amount = 1000
while amount < 2000:
    amount = 1.05 * amount
print(amount)


Reflection 4.18 What is printed by this block of code? What does this result tell us?



Once the loop is done iterating, the final amount is printed (approximately $2078.93), but this does not answer our question.


Reflection 4.19 How do figure out how many years it takes for the $1000 to double?



To answer our question, we need to count the number of times the while loop iterates, which is very similar to what we did in the yearsUntilZero function. We can introduce another variable that is incremented in each iteration, and print its value after the loop, along with the final value of amount:

amount = 1000
while amount < 2000:
    amount = 1.05 * amount
    year = year + 1
print(year, amount)


Reflection 4.20 Make these changes and run the code again. Now what is printed?



Oops, an error message is printed, telling us that the name year is undefined.


Reflection 4.21 How do we fix the error?



The problem is that we did not initialize the value of year before the loop. Therefore, the first time year = year + 1 was executed, year was undefined on the right side of the assignment statement. Adding one statement before the loop fixes the problem:

amount = 1000
year = 0
while amount < 2000:
    amount = 1.05 * amount
    year = year + 1
print(year, amount)


Reflection 4.22 Now what is printed by this block of code? In other words, how many years until the $1000 doubles?



We will see some more examples of while loops later in this chapter, and again in Section 5.5.


Exercises

4.3.1. Suppose you put $1000 into the bank and you get a 3% interest rate compounded annually. How would you use a while loop to determine how long will it take for your account to have at least $1200 in it?

4.3.2. Repeat the last question, but this time write a function

interest(amount, rate, target)

that takes the initial amount, the interest rate, and the target amount as parameters. The function should return the number of years it takes to reach the target amount.

4.3.3. Since while loops are more general than for loops, we can emulate the behavior of a for loop with a while loop. For example, we can emulate the behavior of the for loop

for counter in range(10):
    print(counter)

with the while loop

counter = 0
while counter < 10:
    print(counter)
    counter = counter + 1

Execute both loops “by hand” to make sure you understand how these loops are equivalent.


	What happens if we omit counter = 0 before the while loop? Why does this happen?

	What happens if we omit counter = counter + 1 from the body of the while loop? What does the loop print?

	Show how to emulate the following for loop with a while loop:
for index in range(3, 12):
    print(index)


	Show how to emulate the following for loop with a while loop:
for index in range(12, 3, -1):
    print(index)




4.3.4. In the profitTable function on Page 127, we used a for loop to indirectly consider all ticket prices divisible by a half dollar. Rewrite this function so that it instead uses a while loop that increments price by $0.50 in each iteration.

4.3.5. A zombie can convert two people into zombies everyday. Starting with just one zombie, how long would it take for the entire world population (7 billion people) to become zombies? Write a function

zombieApocalypse()

that returns the answer to this question.

4.3.6. Tribbles increase at the rate of 50% per hour (rounding down if there are an odd number of them). How long would it take 10 tribbles to reach a population size of 1 million? Write a function

tribbleApocalypse()

that returns the answer to this question.

4.3.7. Vampires can each convert v people a day into vampires. However, there is a band of vampire hunters that can kill k vampires per day. If a coven of vampires starts with vampires members, how long before a town with a population of people becomes a town with no humans left in it? Write a function

vampireApocalypse(v, k, vampires, people)

that returns the answer to this question.

4.3.8. An amoeba can split itself into two once every h hours. How many hours does it take for a single amoeba to become target amoebae? Write a function

amoebaGrowth(h, target)

that returns the answer to this question.




*4.4 CONTINUOUS MODELS

If we want to more accurately model the situation in our fishing pond, we need to acknowledge that the size of the fish population does not really change only once a year. Like virtually all natural processes, the change happens continually or, mathematically speaking, continuously, over time. To more accurately model continuous natural processes, we need to update our population size more often, using smaller time steps. For example, we could update the size of the fish population every month instead of every year by replacing every annual update of

population = population + 0.08 * population - 1500

with twelve monthly updates:

for month in range(12):
    population = population + (0.08 / 12) * population - (1500 / 12)

Since both the growth rate of 0.08 and the harvest of 1500 are based on 1 year, we have divided both of them by 12.


Reflection 4.23 Is the final value of population the same in both cases?



If the initial value of population is 12000, the value of population after one annual update is 11460.0 while the final value after 12 monthly updates is 11439.753329049303. Because the rate is “compounding” monthly, it reduces the population more quickly.

This is exactly how bank loans work. The bank will quote an annual percentage rate (APR) of, say, 6% (or 0.06) but then compound interest monthly at a rate of 6/12% = 0.5% (or 0.005), which means that the actual annual rate of interest you are being charged, called the annual percentage yield (APY), is actually (1+0.005)12−1 ≈ 0.0617 = 6.17%. The APR, which is really defined to be the monthly rate times 12, is sometimes also called the “nominal rate.” So we can say that our fish population is increasing at a nominal rate of 8%, but updated every month.


Difference equations

A population model like this is expressed more accurately with a difference equation, also known as a recurrence relation. If we let P(t) represent the size of the fish population at the end of year t, then the difference equation that defines our original model is
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or, equivalently,

P(t) = 1.08 · P(t – 1) – 1500.

In other words, the size of the population at the end of year t is 1.08 times the size of the population at the end of the previous year (t – 1), minus 1500. The initial population or, more formally, the initial condition is P(0) = 12, 000. We can find the projected population size for any given year by starting with P(0), and using the difference equation to compute successive values of P(t). For example, suppose we wanted to know the projected population size four years from now, represented by P(4). We start with the initial condition: P(0) = 12, 000. Then, we apply the difference equation to t = 1:

P(1) = 1.08 · P(0) – 1500 = 1.08 · 12, 000 – 1500 = 11, 460.

Now that we have P(1), we can compute P(2):

P(2) = 1.08 · P(1) – 1500 = 1.08 · 11, 460 – 1500 = 10, 876.8.

Continuing,

P(3) = 1.08 · P(2) – 1500 = 1.08 · 10, 876.8 – 1500 = 10, 246.94

and

P(4) = 1.08 · P(3) – 1500 = 1.08 · 10, 246.94 – 1500 = 9, 566.6952.

So this model projects that the bass population in 4 years will be 9, 566. This is the same process we followed in our for loop in Section 4.1.

To turn this discrete model into a continuous model, we define a small update interval, which is customarily named Δt (Δ represents “change,” so Δt represents “change in time”). If, for example, we want to update the size of our population every month, then we let Δt = 1/12. Then we express our difference equation as

P(t) = P(t – Δt) + (0.08 ·P(t – Δt) – 1500) · Δt

This difference equation is defining the population size at the end of year t in terms of the population size one Δt fraction of a year ago. For example, if t is 3 and Δt is 1/12, then P(t) represents the size of the population at the end of year 3 and P(t – Δt) represents the size of the population at the end of “year 21112,” equivalent to one month earlier. Notice that both the growth rate and the harvest number are scaled by Δt, just as we did in the for loop on Page 145.

To implement this model, we need to make some analogous changes to the algorithm from Page 119. First, we need to pass in the value of Δt as a parameter so that we have control over the accuracy of the approximation. Second, we need to modify the number of iterations in our loop to reflect 1/Δt decay events each year; the number of iterations becomes years · (1/Δt) = years/Δt. Third, we need to alter how the accumulator is updated in the loop to reflect this new type of difference equation. These changes are reflected below. We use dt to represent Δt.
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Figure 4.5 The plot produced by calling pond(15, 12000, 1500, 0.01).



def pond(years, initialPopulation, harvest, dt):
    """ (docstring omitted) """

    population = initialPopulation
    for step in range(1, int(years / dt) + 1):
        population = population + (0.08 * population - harvest) * dt

    return population


Reflection 4.24 Why do we use range(1, int(years / dt) + 1) in the for loop instead of range(int(years / dt))?



We start the for loop at one instead of zero because the first iteration of the loop represents the first time step of the simulation. The initial population size assigned to population before the loop represents the population at time zero.

To plot the results of this simulation, we use the same technique that we used in Section 4.2. But we also use a list accumulator to create a list of time values for the x axis because the values of the index variable step no longer represent years. In the following function, the value of step * dt is assigned to the variable t, and then appended to a list named timeList.

import matplotlib.pyplot as pyplot

def pond(years, initialPopulation, harvest, dt):
    """Simulates a fish population in a fishing pond, and plots
       annual population size.  The population grows at a nominal
       annual rate of 8% with an annual harvest.

    Parameters:
        years: number of years to simulate
        initialPopulation: the initial population size
        harvest: the size of the annual harvest
        dt: value of "Delta t" in the simulation (fraction of a year)

    Return value: the final population size
    """


    population = initialPopulation
    populationList = [initialPopulation]
    timeList = [0]
    t = 0
    for step in range(1, int(years / dt) + 1):
        population = population + (0.08 * population - harvest) * dt
        populationList.append(population)
        t = step * dt
        timeList.append(t)

    pyplot.plot(timeList, populationList)
    pyplot.xlabel('Year')
    pyplot.ylabel('Fish Population Size')
    pyplot.show()
    return population

Figure 4.5 shows a plot produced by calling this function with Δt = 0.01. Compare this plot to Figure 4.2. To actually come close to approximating a real continuous process, we need to use very small values of Δt. But there are tradeoffs involved in doing so, which we discuss in more detail later in this section.



Radiocarbon dating

When archaeologists wish to know the ages of organic relics, they often turn to radiocarbon dating. Both carbon-12 (12C) and carbon-14 (or radiocarbon, 14C) are isotopes of carbon that are present in our atmosphere in a relatively constant proportion. While carbon-12 is a stable isotope, carbon-14 is unstable and decays at a known rate. All living things ingest both isotopes, and die possessing them in the same proportion as the atmosphere. Thereafter, an organism’s acquired carbon-14 decays at a known rate, while its carbon-12 remains intact. By examining the current ratio of carbon-12 to carbon-14 in organic remains (up to about 60,000 years old), and comparing this ratio to the known ratio in the atmosphere, we can approximate how long ago the organism died.

The annual decay rate (more correctly, the decay constant2) of carbon-14 is about

k = –0.000121.

Radioactive decay is a continuous process, rather than one that occurs at discrete intervals. Therefore, Q(t), the quantity of carbon-14 present at the beginning of year t, needs to be defined in terms of the value of Q(t – Δt), the quantity of carbon-14 a small Δt fraction of a year ago. Therefore, the difference equation modeling the decay of carbon-14 is

Q(t) = Q(t – Δt) + k · Q(t – Δt) · Δt.

Since the decay constant k is based on one year, we scale it down for an interval of length Δt by multiplying it by Δt. We will represent the initial condition with Q(0) = q, where q represents the initial quantity of carbon-14.

Although this is a completely different application, we can implement the model the same way we implemented our continuous fish population model.

import matplotlib.pyplot as pyplot

def decayC14(originalAmount, years, dt):
    """Approximates the continuous decay of carbon-14.

    Parameters:
        originalAmount: the original quantity of carbon-14 (g)
        years: number of years to simulate
        dt: value of "Delta t" in the simulation (fraction of a year)

    Return value: final quantity of carbon-14 (g)
    """

    k = -0.000121
    amount = originalAmount
    t = 0
    timeList = [0]                    # x values for plot
    amountList = [amount]             # y values for plot

    for step in range(1, int(years/dt) + 1):
        amount = amount + k * amount * dt
        t = step * dt
        timeList.append(t)
        amountList.append(amount)

    pyplot.plot(timeList, amountList)
    pyplot.xlabel('Years')
    pyplot.ylabel('Quantity of carbon-14')
    pyplot.show()

    return amount
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Figure 4.6 Plot of carbon-14 decay generated with decayC14(100, 20000, 0.01).



Like all of our previous accumulators, this function initializes our accumulator variable, named amount, before the loop. Then the accumulator is updated in the body of the loop according to the difference equation above. Figure 4.6 shows an example plot from this function.


Reflection 4.25 How much of 100 g of carbon-14 remains after 5,000 years of decay? Try various Δt values ranging from 1 down to 0.001. What do you notice?





Tradeoffs between accuracy and time

Approximations of continuous models are more accurate when the value of Δt is smaller. However, accuracy has a cost. The decayC14 function has time complexity proportional to y/Δt, where y is the number of years we are simulating, since this is how many times the for loop iterates. So, if we want to improve accuracy by dividing Δt in half, this will directly result in our algorithm requiring twice as much time to run. If we want Δt to be one-tenth of its current value, our algorithm will require ten times as long to run.

Box 4.1: Differential equations


If you have taken a course in calculus, you may recognize each of these continuous models as an approximation of a differential equation. A differential equation is an equation that relates a function to the rate of change of that function, called the derivative. For example, the differential equation corresponding to the carbon-14 decay problem is

dQdt=kQ

where Q is the quantity of carbon-14, dQ/dt is the rate of change in the quantity of carbon-14 at time t (i.e., the derivative of Q with respect to t), and k is the decay constant. Solving this differential equation using basic calculus techniques yields

Q(t) = Q(0) ekt

where Q(0) is the original amount of carbon-14. We can use this equation to directly compute how much of 1000 g of carbon-14 would be left after 2,000 years with:

Q(2000) = 1000 e2000k ≈ 785.0562.

Although simple differential equations like this are easily solved if you know calculus, most realistic differential equations encountered in the sciences are not, making approximate iterative solutions essential. The approximation technique we are using in this chapter, called Euler’s method, is the most fundamental, and introduces error proportional to Δt. More advanced techniques seek to reduce the approximation error further.



To get a sense of how decreasing values of Δt affect the outcome, let’s look at what happens in our decayC14 function with originalAmount = 1000 and years = 2000. The table below contains these results, with the theoretically derived answer in the last row (see Box 4.1). The error column shows the difference between the result and this value for each value of dt. All values are rounded to three significant digits to reflect the approximate nature of the decay constant. We can see from the table that smaller values of dt do indeed provide closer approximations.
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Reflection 4.26 What is the relationship between the value of dt and the error? What about between the value of dt and the execution time?



Each row in the table represents a computation that took ten times as long as that in the previous row because the value of dt was ten times smaller. But the error is also ten times smaller. Is this tradeoff worthwhile? The answer depends on the situation. Certainly using dt = 0.0001 is not worthwhile because it gives the same answer (to three significant digits) as dt = 0.001, but takes ten times as long.

These types of tradeoffs — quality versus cost — are common in all fields, and computer science is no exception. Building a faster memory requires more expensive technology. Ensuring more accurate data transmission over networks requires more overhead. And finding better approximate solutions to hard problems requires more time.



Propagation of errors

In both the pond and decayC14 functions in this section, we skirted a very subtle error that is endemic to numerical computer algorithms. Recall from Section 2.2 that computers store numbers in binary and with finite precision, resulting in slight errors, especially with very small floating point numbers. But a slight error can become magnified in an iterative computation. This would have been the case in the for loops in the pond and decayC14 functions if we had accumulated the value of t by adding dt in each iteration with

t = t + dt

instead of getting t by multiplying dt by step. If dt is very small, then there might have been a slight error every time dt was added to t. If the loop iterates for a long time, the value of t will become increasingly inaccurate.

To illustrate the problem, let’s mimic what might have happened in decayC14 with the following bit of code.

dt = 0.0001
iterations = 1000000

t = 0
for index in range(iterations):
    t = t + dt

correct = dt * iterations        # correct value of t
print(correct, t)

The loop accumulates the value 0.0001 one million times, so the correct value for t is 0.0001·1, 000,000 = 100. However, by running the code, we see that the final value of t is actually 100.00000000219612, a small fraction over the correct answer. In some applications, even errors this small may be significant. And it can get even worse with more iterations. Scientific computations can often run for days or weeks, and the number of iterations involved can blow up errors significantly.


Reflection 4.27 Run the code above with 10 million and 100 million iterations. What do you notice about the error?



To avoid this kind of error, we instead assigned the product of dt and the current iteration number to t, step:

t = step * dt

In this way, the value of t is computed from only one arithmetic operation instead of many, reducing the potential error.



Simulating an epidemic

Real populations interact with each other and the environment in complex ways. Therefore, to accurately model them requires an interdependent set of difference equations, called coupled difference equations. In 1927, Kermack and McKendrick [23] introduced such a model for the spread of infectious disease called the SIR model. The “S” stands for the “susceptible” population, those who may still acquire the disease; “I” stands for the “infected” population, and “R” stands for the “recovered” population. In this model, we assume that, once recovered, an individual has built an immunity to the disease and cannot reacquire it. We also assume that the total population size is constant, and no one dies from the disease. Therefore, an individual moves from a “susceptible” state to an “infected” state to a “recovered” state, where she remains, as pictured below.
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These assumptions apply very well to common viral infections, like the flu.

A virus like the flu travels through a population more quickly when there are more infected people with whom a susceptible person can come into contact. In other words, a susceptible person is more likely to become infected if there are more infected people. Also, since the total population size does not change, an increase in the number of infected people implies an identical decrease in the number who are susceptible. Similarly, a decrease in the number who are infected implies an identical increase in the number who have recovered. Like most natural processes, the spread of disease is fluid or continuous, so we will need to model these changes over small intervals of Δt, as we did in the radioactive decay model.

We need to design three difference equations that describe how the sizes of the three groups change. We will let S(t) represent the number of susceptible people on day t, I(t) represent the number of infected people on day t, and R(t) represent the number of recovered people on day t.

The recovered population has the most straightforward difference equation. The size of the recovered group only increases; when infected people recover they move from the infected group into the recovered group. The number of people who recover at each step depends on the number of infected people at that time and the recovery rate r: the average fraction of people who recover each day.


Reflection 4.28 What factors might affect the recovery rate in a real outbreak?



Since we will be dividing each day into intervals of length Δt, we will need to use a scaled recovery rate of r · Δt for each interval. So the difference equation describing the size of the recovered group on day t is
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Since no one has yet recovered on day 0, we set the initial condition to be R(0) = 0.

Next, we will consider the difference equation for S(t). The size of the susceptible population only decreases by the number of newly infected people. This decrease depends on the number of susceptible people, the number of infected people with whom they can make contact, and the rate at which these potential interactions produce a new infection. The number of possible interactions between susceptible and infected individuals at time t – Δt is simply their product: S(t – Δt) · I(t – Δt). If we let d represent the rate at which these interactions produce an infection, then our difference equation is
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Reflection 4.29 What factors might affect the infection rate in a real outbreak?



If N is the total size of our population, then the initial condition is S(0) = N – 1 because we will start with one infected person, leaving N – 1 who are susceptible.

The difference equation for the infected group depends on the number of susceptible people who have become newly infected and the number of infected people who are newly recovered. These numbers are precisely the number leaving the susceptible group and the number entering the recovered group, respectively. We can simply copy those from the equations above.
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Since we are starting with one infected person, we set I(0) = 1.

The program below is a “skeleton” for implementing this model with a recovery rate r = 0.25 and an infection rate d = 0.0004. These rates imply that the average infection lasts 1/r = 4 days and there is a 0.04% chance that an encounter between a susceptible person and an infected person will occur and result in a new infection. The program also demonstrates how to plot and label several curves in the same figure, and display a legend. We leave the implementation of the difference equations in the loop as an exercise.

import matplotlib.pyplot as pyplot

def SIR(population, days, dt):
    """Simulates the SIR model of infectious disease and
       plots the population sizes over time.

    Parameters:
        population: the population size
        days: number of days to simulate
        dt: the value of "Delta t" in the simulation
            (fraction of a day)

    Return value: None
    """

    susceptible = population - 1  # susceptible count = S(t)
    infected = 1.0                # infected count = I(t)
    recovered = 0.0               # recovered count = R(t)
    recRate = 0.25                # recovery rate r
    infRate = 0.0004              # infection rate d
    SList = [susceptible]
    IList = [infected]
    RList = [recovered]
    timeList = [0]

    # Loop using the difference equations goes here.

    pyplot.plot(timeList, SList, label = 'Susceptible')
    pyplot.plot(timeList, IList, label = 'Infected')
    pyplot.plot(timeList, RList, label = 'Recovered')
    pyplot.legend(loc = 'center right')
    pyplot.xlabel('Days')
    pyplot.ylabel('Individuals')
    pyplot.show()

Figure 4.7 shows the output of the model with 2,200 individuals (students at a small college, perhaps?) over 30 days. We can see that the infection peaks after about 2 weeks, then decreases steadily. After 30 days, the virus is just about gone, with only about 40 people still infected. We also notice that not everyone is infected after 30 days; about 80 people are still healthy.


Reflection 4.30 Look at the relationships among the three population sizes over time in Figure 4.7. How do the sizes of the susceptible and recovered populations cause the decline of the affected population after the second week? What other relationships do you notice?



When we are implementing a coupled model, we need to be careful to compute the change in each population size based on population sizes from the previous iteration rather than population sizes previously computed in this iteration. Therefore, we need to compute all of the changes in population sizes for time t, denoted ΔR(t), ΔS(t) and ΔI(t), based on the previous population sizes, before we update the new population sizes in each iteration. In other words, in each iteration, we first compute
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Figure 4.7 Output from the SIR model with 2,200 individuals over 30 days with Δt = 0.01.



ΔR(t)=r·I(t−Δt)·Δt,ΔS(t)=d·S(t−Δt)·I(t−Δt)·Δt,andΔI(t)=ΔS(t)−ΔR(t).

Then, we use these values to update the new population sizes:

R(t)=R(t−Δt)+ΔR(t),S(t)=S(t−Δt)−ΔS(t),andI(t)=I(t−Δt)+ΔI(t).

Interestingly, the SIR model can also be used to model the diffusion of ideas, fads, or memes in a population. A “contagious” idea starts with a small group of people and can “infect” others over time. As more people adopt the idea, it spreads more quickly because there are more potential interactions between those who have adopted the idea and those who have not. Eventually, people move on to other things and forget about the idea, thereby “recovering.”



Exercises

Write a function for each of the following problems.

4.4.1. Suppose we have a pair of rabbits, one male and one female. Female rabbits are mature and can first mate when they are only one month old, and have a gestation period of one month. Suppose that every mature female rabbit mates every month and produces exactly one male and one female offspring one month later. No rabbit ever dies.

(a) Write a difference equation R(m) representing the number of female rabbits at the end of each month. (Note that this is a discrete model; there are no Δt’s.) Start with the first month and compute successive months until you see a pattern. Don’t forget the initial condition(s). To get you started:

• R(0) = 1, the original pair

• R(1) = 1, the original pair now one month old

• R(2) = 2, the original pair plus a newborn pair

• R(3) = 3, the original pair plus a newborn pair plus a one-month-old pair

• R(4) = 5, the pairs from the previous generation plus two newborn pairs

   ⋮

• R(m) = ?

(b) Write a function

rabbits(months)

that uses your difference equation from part (a) to compute and return the number of rabbits after the given number of months. Your function should also plot the population growth using matplotlib. (The sequence of numbers generated in this problem is called the Fibonacci sequence.)

4.4.2. Consider Exercise 4.1.37, but now assume that a bacteria colony grows continuously with a growth rate of 0.1 Δt per small fraction Δt of an hour.


	Write a difference equation for B(t), the size of the bacteria colony, using Δt’s to approximately model continuous growth.

	Write a function
bacteria(population, dt, days)

that uses your difference equation from part (a) compute and return the number of bacteria in the colony after the given number of days. The other parameters, population and dt, are the initial size of the colony and the step size (Δt), respectively. Your function should also plot the population growth using matplotlib.




4.4.3. Radioactive elements like carbon-14 are normally described by their half-life, the time required for a quantity of the element to decay to half its original quantity. Write a function

halflifeC14(originalAmount, dt)

that computes the half-life of carbon-14. Your function will need to simulate radioactive decay until the amount is equal to half of originalAmount.

The known half-life of carbon-14 is 5, 730 ± 40 years. How close does this approximation come? Try it with different values of dt.

4.4.4. Finding the half-life of carbon-14 is a special case of radiocarbon dating. When an organic artifact is dated with radiocarbon dating, the fraction of extant carbon-14 is found relative to the content in the atmosphere. Let’s say that the fraction in an ancient piece of parchment is found to be 70%. Then, to find the age of the artifact, we can use a generalized version of halflifeC14 that iterates while amount > originalAmount * 0.7. Show how to generalize the halflifeC14 function in the previous exercise by writing a new function

carbonDate(originalAmount, fractionRemaining, dt)

that returns the age of an artifact with the given fraction of carbon-14 remaining. Use this function to find the approximate age of the parchment.

4.4.5. Complete the implementation of the SIR simulation. Compare your results to Figure 4.7 to check your work.

4.4.6. Run your implementation of the SIR model for longer periods of time than that shown in Figure 4.7. Given enough time, will everyone become infected?

4.4.7. Suppose that enough people have been vaccinated that the infection rate is cut in half. What effect do these vaccinations have?

4.4.8. The SIS model represents an infection that does not result in immunity. In other words, there is no “recovered” population; people who have recovered re-enter the “susceptible” population.


	Write difference equations for this model.

	Copy and then modify the SIR function (renaming it SIS) so that it implements your difference equations.

	Run your function with the same parameters that we used for the SIR model. What do you notice? Explain the results.



4.4.9. Suppose there are two predator species that compete for the same prey, but do not directly harm each other. We might expect that, if the supply of prey was low and members of one species were more efficient hunters, then this would have a negative impact on the health of the other species. This can be modeled through the following pair of difference equations. P(t) and Q(t) represent the populations of predator species 1 and 2, respectively, at time t.

P(t)=P(t−Δt)+bP·P(t−Δt)·Δt−dP·P(t−Δt)·Q(t−Δt)·(Δt)Q(t)=Q(t−Δt)+bQ·Q(t−Δt)·Δt−dQ·P(t−Δt)·Q(t−Δt)·(Δt)

The initial conditions are P(0) = p and Q(0) = q, where p and q represent the initial population sizes of the first and second predator species, respectively. The values bP and dP are the birth rate and death rates (or, more formally, proportionality constants) of the first predator species, and the values bQ and dQ are the birth rate and death rate for the second predator species. In the first equation, the term bP · P(t – Δt) represents the net number of births per month for the first predator species, and the term dP · P(t – Δt) · Q(t – Δt) represents the number of deaths per month. Notice that this term is dependent on the sizes of both populations: P(t – Δt) · Q(t – Δt) is the number of possible (indirect) competitions between individuals for food and dP is the rate at which one of these competitions results in a death (from starvation) in the first predator species.

This type of model is known as indirect, exploitative competition because the two predator species do not directly compete with each other (i.e., eat each other), but they do compete indirectly by exploiting a common food supply.

Write a function

compete(pop1, pop2, birth1, birth2, death1, death2, years, dt)

that implements this model for a generalized indirect competition scenario, plotting the sizes of the two populations over time. Run your program using


	p = 21 and q = 26


	bP = 1.0 and dP = 0.2; bQ = 1.02 and dQ = 0.25


	dt = 0.001; 6 years




and explain the results. Here is a “skeleton” of the function to get you started.

def compete(pop1, pop2, birth1, birth2, death1, death2, years, dt):
    """ YOUR DOCSTRING HERE """

    pop1List = [pop1]
    pop2List = [pop2]
    timeList = [0]
    for step in range(1, int(years / dt) + 1):
        # YOUR CODE GOES HERE

    pyplot.plot(timeList, pop1List, label = 'Population 1')
    pyplot.plot(timeList, pop2List, label = 'Population 2')
    pyplot.legend()
    pyplot.xlabel('Years')
    pyplot.ylabel('Individuals')
    pyplot.show()




*4.5 NUMERICAL ANALYSIS

Accumulator algorithms are also used in the natural and social sciences to approximate the values of common mathematical constants, and to numerically compute values and roots of complicated functions that cannot be solved mathematically. In this section, we will discuss a few relatively simple examples from this field of mathematics and computer science, known as numerical analysis.


The harmonic series

Suppose we have an ant that starts walking from one end of a 1 meter long rubber rope. During the first minute, the ant walks 10 cm. At the end of the first minute, we stretch the rubber rope uniformly by 1 meter, so it is now 2 meters long. During the next minute, the ant walks another 10 cm, and then we stretch the rope again by 1 meter. If we continue this process indefinitely, will the ant ever reach the other end of the rope? If it does, how long will it take?

The answer lies in counting what fraction of the rope the ant traverses in each minute. During the first minute, the ant walks 1/10 of the distance to the end of the rope. After stretching, the ant has still traversed 1/10 of the distance because the portion of the rope on which the ant walked was doubled along with the rest of the rope. However, in the second minute, the ant’s 10 cm stroll only covers 10/200 = 1/20 of the entire distance. Therefore, after 2 minutes, the ant has covered 1/10 + 1/20 of the rope. During the third minute, the rope is 3 m long, so the ant covers only 10/300 = 1/30 of the distance. This pattern continues, so our problem boils down to whether the following sum ever reaches 1.

110+120+130+…=110(1+12+13+…)

Naturally, we can answer this question using an accumulator. But how do we add these fractional terms? In Exercise 4.1.25, you may have computed 1 + 2 + 3 + . . . + n:

def sum(n):
    total = 0
    for number in range(1, n + 1):
        total = total + number
    return total

In each iteration of this for loop, we add the value of number to the accumulator variable total. Since number is assigned the values 1, 2, 3, . . ., n, total has the sum of these values after the loop. To compute the fraction of the rope traveled by the ant, we can modify this function to add 1 / number in each iteration instead, and then multiply the result by 1/10:

def ant(n):
    """Simulates the "ant on a rubber rope" problem.  The rope
    is initially 1 m long and the ant walks 10 cm each minute.

    Parameter:
        n: the number of minutes the ant walks

    Return value:
        fraction of the rope traveled by the ant in n minutes
    """

    total = 0
    for number in range(1, n + 1):
        total = total + (1 / number)
    return total * 0.1
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Figure 4.8 Harmonic series approximation of the natural logarithm (ln).



To answer our question with this function, we need to try several values of n to see if we can find a sufficiently high value for which the sum exceeds 1. If we find such a value, then we need to work with smaller values until we find the value of n for which the sum first reaches or exceeds 1.


Reflection 4.31 Using at most 5 calls to the ant function, find a range of minutes that answers the question.



For example, ant(100) returns about 0.52, ant(1000) returns about 0.75, ant(10000) returns about 0.98, and ant(15000) returns about 1.02. So the ant will reach the other end of the rope after 10,000–15,000 minutes. As cumbersome as that was, continuing it to find the exact number of minutes required would be far worse.


Reflection 4.32 How would we write a function to find when the ant first reaches or exceeds the end of the rope? (Hint: this is similar to the carbon-14 half-life problem.) We will leave the answer as an exercise.



This infinite version of the sum that we computed in our loop,

1+12+13+…,

is called the harmonic series and each finite sum

Hn=1+12+13+…+1n

is called the nth harmonic number. (Mathematically, the ant reaches the other end of the rope because the harmonic series diverges, that is, its partial sums increase forever.) The harmonic series can be used to approximate the natural logarithm (ln) function. For sufficiently large values of n,

Hn=1+12+13+…+1n≈In n+0.577.⁢

This is illustrated in Figure 4.8 for only small values of n. Notice how the approximation improves as n increases.


Reflection 4.33 Knowing that Hn ≈ ln n + 0.577, how can you approximate how long until the ant will reach the end of the rope if it walks only 1 cm each minute?



To answer this question, we want to find n such that

100 = ln n + 0.577

since the ant’s first step is not 1/100 of the total distance. This is the same as

e100–0.577 = n.

In Python, we can find the answer with math.exp(100 - 0.577), which gives about 1.5 × 1043 minutes, a long time indeed.



Approximating π

The value π is probably the most famous mathematical constant. There have been many infinite series found over the past 500 years that can be used to approximate π. One of the most famous is known as the Leibniz series, named after Gottfried Leibniz, the co-inventor of calculus:

π=4(1−13+15−17+…)

Like the harmonic series approximation of the natural logarithm, the more terms we compute of this series, the closer we get to the true value of π. To compute this sum, we need to identify a pattern in the terms, and relate them to the values of the index variable in a for loop. Then we can fill in the red blank line below with an expression that computes the ith term from the value of the index variable i.

def leibniz(terms):
    """Computes a partial sum of the Leibniz series.

    Parameter:
        terms: the number of terms to add

    Return value:
        the sum of the given number of terms
    """

    sum = 0
    for i in range(terms):
        sum = sum + ___________
    pi = sum * 4
    return pi

To find the pattern, we can write down the values of the index variable next to the values in the series to identify a relationship:

[image: ]

Ignoring the alternating signs for a moment, we can see that the absolute value of the ith term is

12i+1.

To alternate the signs, we use the fact that –1 raised to an even power is 1, while –1 raised to an odd power is –1. Since the even terms are positive and odd terms are negative, the final expression for the i term is

(−1)i·12i+1.

Therefore, the red assignment statement in our leibniz function should be

sum = sum + (-1) ** i / (2 * i + 1)


Reflection 4.34 Call the completed leibniz function with a series of increasing arguments. What do you notice about how the values converge to π?



By examining several values of the function, you might notice that they alternate between being greater and less than the actual value of π. Figure 4.9 illustrates this.


[image: ]

Figure 4.9 The Leibniz series converging to π.





Approximating square roots

The square root function (n) cannot, in general, be computed directly. But it can be approximated very well with many iterations of the following difference equation, known as the Babylonian method (or Newton’s method):

[image: ]

Here, n is the value whose square root we want. The approximation of n will be better for larger values of k; X(20) will be closer to the actual square root than X(10).

Similar to our previous examples, we can compute successive values of the difference equation using iteration. In this case, each value is computed from the previous value according to the formula above. If we let the variable name x represent a term in the difference equation, then we can compute the kth term with the following simple function:

def sqrt(n, k):
    """Approximates the square root of n with k iterations
       of the Babylonian method.

    Parameters:
        n: the number to take the square root of
        k: number of iterations

    Return value:
        the approximate square root of n
    """

    x = 1.0
    for index in range(k):
        x = 0.5 * (x + n / x)
    return x


Reflection 4.35 Call the function above to approximate 10 with various values of k. What value of k is necessary to match the value given by the math.sqrt function?





Exercises

4.5.1. Recall Reflection 4.32: How would we write a function to find when the ant first reaches or exceeds the end of the rope? (Hint: this is similar to the carbon-14 half-life problem.)


	Write a function to answer this question.

	How long does it take for the ant to traverse the entire rope?

	If the ant walks 5 cm each minute, how long does it take to reach the other end?



4.5.2. Augment the ant function so that it also produces the plot in Figure 4.8.

4.5.3. The value e (Euler’s number, the base of the natural logarithm) is equal to the infinite sum

e=1+11!+12!+13!+…

Write a function

e(n)

that approximates the value of e by computing and returning the value of n terms of this sum. For example, calling e(4) should return the value 1+1/1+1/2+1/6 ≈ 2.667. Your function should call the factorial function you wrote for Exercise 4.1.29 to aid in the computation.

4.5.4. Calling the factorial function repeatedly in the function you wrote for the previous problem is very inefficient because many of the same arithmetic operations are being performed repeatedly. Explain where this is happening.

4.5.5. To avoid the problems suggested by the previous exercise, rewrite the function from Exercise 4.5.3 without calling the factorial function.

4.5.6. Rather than specifying the number of iterations in advance, numerical algorithms usually iterate until the absolute value of the current term is sufficiently small. At this point, we assume the approximation is “good enough.” Rewrite the leibniz function so that it iterates while the absolute value of the current term is greater than 10–6.

4.5.7. Similar to the previous exercise, rewrite the sqrt function so that it iterates while the absolute value of the difference between the current and previous values of x is greater than 10–15.

4.5.8. The following expression, discovered in the 14th century by Indian mathematician Madhava of Sangamagrama, is another way to compute π.

π=12(1−13·3+15·32−17·33+…)

Write a function

approxPi(n)

that computes n terms of this expression to approximate π. For example, approxPi(3) should return the value

12(1−13·3+15·32)≈12(1−0.111+0.022)≈3.156.

To determine the pattern in the sequence of terms, consider this table:
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What is the term for a general value of i?

4.5.9. The Wallis product, named after 17th century English mathematician John Wallis, is an infinite product that converges to π:

π=2(21·23·43·45·65·67. …)

Write a function

wallis(terms)

that computes the given number of terms in the Wallis product. Hint: Consider the terms in pairs and find an expression for each pair. Then iterate over the number of pairs needed to flesh out the required number of terms. You may assume that terms is even.

4.5.10. The Nilakantha series, named after Nilakantha Somayaji, a 15th century Indian mathematician, is another infinite series for π:

π=3+42·3·4−44·5·6+46·7·8−48·9·10+…

Write a function

nilakantha(terms)

that computes the given number of terms in the Nilakantha series.

4.5.11. The following infinite product was discovered by François Viète, a 16th century French mathematician:

π=2·22·22+2·22+2+2·22+2+2+2…

Write a function

viete(terms)

that computes the given number of terms in the Viète’s product. (Look at the pattern carefully; it is not as hard as it looks if you base the denominator in each term on the denominator of the previous term.)




4.6 SUMMING UP

Although we have solved a variety of different problems in this chapter, almost all of the functions that we have designed have the same basic format:

def accumulator( ___________):
    sum = _________              # initialize the accumulator
    for index in range(_______): # iterate some number of times
        sum = sum + ________     # add something to the accumulator
    return sum                   # return final accumulator value

The functions we designed differ primarily in what is added to the accumulator (the red statement) in each iteration of the loop. Let’s look at three of these functions in particular: the pond function from Page 119, the countLinks function from Page 123, and the solution to Exercise 4.1.27 from Page 134, shown below.

def growth(finalAge):
    height = 95
    for age in range(4, finalAge + 1):
        height = height + 6
    return height

In the growth function, a constant value is added to the accumulator in each iteration:
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Figure 4.10 An illustration of linear, quadratic, and exponential growth. The curves are generated by accumulators adding 6, the index variable, and 1.08 times the accumulator, respectively, in each iteration.



height = height + 6

In the countLinks function, the value of the index variable, minus one, is added to the accumulator:

newLinks = node - 1
totalLinks = totalLinks + newLinks

And in the pond function, a factor of the accumulator itself is added in each iteration:

population = population + 0.08 * population # ignoring "- 1500"

(To simplify things, we will ignore the subtraction present in the original program.)

These three types of accumulators grow in three different ways. Adding a constant value to the accumulator in each iteration, as in the growth function, results in a final sum that is equal to the number of iterations times the constant value. In other words, if the initial value is a, the constant added value is c, and the number of iterations is n, the final value of the accumulator is a + cn. (In the growth function, a = 95 and c = 6, so the final sum is 95 + 6n.) As n increases, cn increases by a constant amount. This is called linear growth, and is illustrated by the blue line in Figure 4.10.

Adding the value of the index variable to the accumulator, as in the countLinks function, results in much faster growth. In the countLinks function, the final value

Box 4.2: Triangular numbers


There are a few nice tricks to figure out the value of the sum

1 + 2 + 3 + . . . + (n – 2) + (n – 1) + n

for any positive integer n. The first technique is to add the numbers in the sum from the outside in. Notice that the sum of the first and last numbers is n + 1. Then, coming in one position from both the left and right, we find that (n – 1) + 2 = n + 1 as well. Next, (n – 2) + 3 = n + 1. This pattern will obviously continue, as we are subtracting 1 from the number on the left and adding 1 to the number on the right. In total, there is one instance of n + 1 for every two terms in the sum, for a total of n/2 instances of n + 1. Therefore, the sum is

1+2+3+…+(n−2)+(n−1)+n=n2(n+1)=n(n+1)2.

For example, 1+2+3 +. . .+8 = (8·9)/2 = 36 and 1+2+3+. . .+1000 = (1000·1001)/2 = 500, 500.

The second technique to derive this result is more visual. Depict each number in the sum as a column of circles, as shown on the left below with n = 8.
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The first column has n = 8 circles, the second has n – 1 = 7, etc. So the total number of circles in this triangle is equal to the value we are seeking. Now make an exact duplicate of this triangle, and place its mirror image to the right of the original triangle, as shown on the right above. The resulting rectangle has n rows and n + 1 columns, so there are a total of n(n + 1) circles. Since the number of circles in this rectangle is exactly twice the number in the original triangle, the number of circles in the original triangle is n(n + 1)/2. Based on this representation, numbers like 36 and 500, 500 that are sums of this form are called triangular numbers.



of the accumulator is

1 + 2 + 3 + . . . + (n – 1)

which is equal to

12·n·(n−1)=n2−n2.

Box 4.2 explains two clever ways to derive this result. Since this sum is proportional to n2, we say that it exhibits quadratic growth, as shown by the red curve in Figure 4.10. This sum is actually quite handy to know, and it will surface again in Chapter 11.

Finally, adding a factor of the accumulator to itself in each iteration, as in the pond function, results in even faster growth. In the pond function, if we add 0.08 * population to population in each iteration, the accumulator variable will be equal to the initial value of population times 1.08n at the end of n iterations of the loop. For this reason, we call this exponential growth, which is illustrated by the green curve in Figure 4.10. Notice that, as n gets larger, exponential growth quickly outpaces the other two curves, even when the number we are raising n to is small, like 1.08.

So although all accumulator algorithms look more or less alike, the effects of the accumulators can be strikingly different. Understanding the relative rates of these different types of growth is quite important in a variety of fields, not just computer science. For example, mistaking an exponentially growing epidemic for a linearly growing one can be a life or death mistake!

These classes of growth can also be applied to the efficiency of algorithms, as we will see in in later chapters. In this case, n would represent the size of the input and the y-axis would represent the number of elementary steps required by the algorithm to compute the corresponding output.


Exercises

4.6.1. Decide whether each of the following accumulators exhibits linear, quadratic, or exponential growth.


	(a)      sum = 0
     for index in range(n):
         sum = sum + index * 2


	(b)      sum = 10
     for index in range(n):
         sum = sum + index / 2


	(c)      sum = 1
     for index in range(n):
         sum = sum + sum


	(d)      sum = 0
     for index in range(n):
         sum = sum + 1.2 * sum


	(e)      sum = 0
     for index in range(n):
         sum = sum + 0.01


	(f)      sum = 10
     for index in range(n):
         sum = 1.2 * sum




4.6.2. Look at Figure 4.10. For values of n less than about 80, the fast-growing exponential curve is actually below the other two. Explain why.

4.6.3. Write a program to generate Figure 4.10.




4.7 FURTHER DISCOVERY

The epigraph of this chapter is from a TED talk given by Stephen Hawking in 2008. You can watch it yourself at

www.ted.com/talks/stephen_hawking_asks_big_questions_about_the_universe.

If you are interested in learning more about population dynamics models, and computational modeling in general, a great source is Introduction to Computational Science [52] by Angela Shiflet and George Shiflet.



4.8 PROJECTS


Project 4.1 Parasitic relationships

For this project, we assume that you have read the material on discrete difference equations on Pages 145–146 of Section 4.4.

A parasite is an organism that lives either on or inside another organism for part of its life. A parasitoid is a parasitic organism that eventually kills its host. A parasitoid insect infects a host insect by laying eggs inside it then, when these eggs later hatch into larvae, they feed on the live host. (Cool, huh?) When the host eventually dies, the parasitoid adults emerge from the host body.

The Nicholson-Bailey model, first proposed by Alexander Nicholson and Victor Bailey in 1935 [36], is a pair of difference equations that attempt to simulate the relative population sizes of parasitoids and their hosts. We represent the size of the host population in year t with H(t) and the size of the parasitoid population in year t with P(t). Then the difference equations describing this model are

H(t)=r·H(t−1)·e−aP(t−1)P(t)=c·H(t−1)·(1−e−aP(t−1))

where


	r is the average number of surviving offspring from an uninfected host,


	c is the average number of eggs that hatch inside a single host, and


	a is a scaling factor describing the searching efficiency or search area of the parasitoids (higher is more efficient).




The value (1 – e–aP(t–1)) is the probability that a host is infected when there are P(t – 1) parasitoids, where e is Euler’s number (the base of the natural logarithm). Therefore,

H(t – 1) · (1 – e–aP(t–1))

is the number of hosts that are infected during year t – 1. Multiplying this by c gives us P(t), the number of new parasitoids hatching in year t. Notice that the probability of infection grows exponentially as the size of the parasitoid population grows. A higher value of a also increases the probability of infection.


Question 4.1.1 Similarly explain the meaning of the difference equation for H(t) · (e–aP(t–1) is the probability that a host is not infected.)




Part 1: Implement the model

To implement this model, write a function

NB(hostPop, paraPop, r, c, a, years)

that uses these difference equations to plot both population sizes over time. Your function should plot these values in two different ways (resulting in two different plots). First, plot the host population size on the x-axis and the parasitoid population size on the y-axis. So each point represents the two population sizes in a particular year. Second, plot both population sizes on the y-axis, with time on the x-axis. To show both population sizes on the same plot, call the pyplot.plot function for each population list before calling pyplot.show. To label each line and include a legend, see the end of Section 4.2.


Question 4.1.2 Write a main function that calls your NB function to simulate initial populations of 24 hosts and 12 parasitoids for 35 years. Use values of r = 2, c = 1, and a = 0.056. Describe and interpret the results.




Question 4.1.3 Run the simulation again with the same parameters, but this time assign a to be -math.log(0.5) / paraPop. (This is a = – ln 0.5/12 ≈ 0.058, just slightly above the original value of a.) What do you observe?




Question 4.1.4 Run the simulation again with the same parameters, but this time assign a = 0.06. What do you observe?




Question 4.1.5 Based on these three simulations, what can you say about this model and its sensitivity to the value of a?





Part 2: Constrained growth

An updated Nicholson-Bailey model incorporates a carrying capacity that keeps the host population under control. The carrying capacity of an ecosystem is the maximum number of organisms that the ecosystem can support at any particular time. If the population size exceeds the carrying capacity, there are not enough resources to support the entire population, so some individuals do not survive.

In this revised model, P(t) is the same, but H(t) is modified to be

H(t) = H(t–1) · e–aP(t–1) · er(1–H(t–1)/K)

where K is the carrying capacity. In this new difference equation, the average number of surviving host offspring, formerly r, is now represented by

er(1–H(t–1)/K).

Notice that, when the number of hosts H(t – 1) equals the carrying capacity K, the exponent equals zero. So the number of surviving host offspring is e0 = 1. In general, as the number of hosts H(t – 1) gets closer to the carrying capacity K, the exponent gets smaller and the value of the expression above gets closer to 1. At the other extreme, when H(t – 1) is close to 0, the expression is close to er. So, overall, the number of surviving offspring varies between 1 and er, depending on how close H(t – 1) comes to the carrying capacity.

Write a function

NB_CC(hostPop, paraPop, r, c, a, K, years)

that implements this modified model and generates the same plots as the previous function.


Question 4.1.6 Call your NB_CC function to simulate initial populations of 24 hosts and 12 parasitoids for 35 years. Use values of r = 1.5, c = 1, a = 0.056, and K = 40. Describe and interpret the results.




Question 4.1.7 Run your simulation with all three values of a that we used in Part 1. How do these results differ from the prior simulation?






Project 4.2 Financial calculators

In this project, you will write three calculators to help someone (maybe you) plan for your financial future.


Part 1: How long will it take to repay my college loans?

Your first calculator will compare the amount of time it takes to repay student loans with two different monthly payment amounts. Your main program will need to prompt for


	the student loan balance at the time repayment begins


	the nominal annual interest rate (the monthly rate times twelve)


	two monthly payment amounts




Then write a function

comparePayoffs(amount, rate, monthly1, monthly2)

that computes the number of months required to pay off the loan with each monthly payment amount. The interest on the loan balance should compound monthly at a rate of rate / 100 / 12. Your function should also plot the loan balances, with each payment amount, over time until both balances reach zero. Then it should print the length of both repayment periods and how much sooner the loan will be paid off if the higher monthly payment is chosen. For example, your output might look like this:

Initial balance: 60000
Nominal annual percentage rate: 5
Monthly payment 1: 500
Monthly payment 2: 750

If you pay $500.00 per month, the repayment period will be 13 years
and 11 months.
If you pay $750.00 per month, the repayment period will be 8 years
and 2 months.
If you pay $250.00 more per month, you will repay the loan 5 years
and 9 months earlier.
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Question 4.2.1 How long would it take to pay off $20,000 in student loans with a 4% interest rate if you paid $100 per month? Approximately how much would you have to pay per month to pay off the loan in ten years?




Question 4.2.2 If you run your program to determine how long it would take to pay off the same loan if you paid only $50 per month, you should encounter a problem. What is it?





Part 2: How much will I have for retirement?

Your second calculator will compare the retirement nest eggs that result from making two different monthly investments in a retirement fund. Your program should prompt for the following inputs:


	the initial balance in the retirement account


	the current age of the investor


	the desired retirement age of the investor


	the expected nominal annual rate of return on the investment


	two monthly investment amounts




Then write a function

compareInvestments(balance, age, retireAge, rate, monthly1, monthly2)

that computes the final balance in the retirement account, for each monthly investment, when the investor reaches his or her retirement age. The interest on the current balance should compound monthly at a rate of rate / 100 / 12. The function should plot the growth of the retirement account balance for both monthly investment amounts, and then print the two final balances along with the additional amount that results from the higher monthly investment. For example, your output might look like this:

Initial balance: 1000
Current age: 20
Retirement age: 70
Nominal annual percentage rate of return: 4.2
Monthly investment 1: 100
Monthly investment 2: 150

The final balance from investing $100.00 per month: $212030.11.
The final balance from investing $150.00 per month: $313977.02.
If you invest $50.00 more per month, you will have $101946.91 more at
 retirement.
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Question 4.2.3 Suppose you are 30 and, after working for a few years, have managed to save $6,000 for retirement. If you continue to invest $200 per month, how much will you have when you retire at age 72 if your investment grows 3% per year? How much more will you have if you invest $50 more per month?





Part 3: How long will my retirement savings last?

Your third calculator will initially perform the same computation as your previous calculator, but with only one monthly investment amount. After it computes the final balance in the account, it will estimate how long that nest egg will last into retirement. Your program will need to prompt for the same values as above (but only one monthly investment amount), plus the percentage of the final balance the investor plans to withdraw in the first year after retirement. Then write a function

retirement(amount, age, retireAge, rate, monthly, percentWithdraw)

that adds the monthly investment amount to the balance in the retirement account until the investor reaches his or her retirement age, and then, after retirement age, withdraws a monthly amount. In the first month after retirement, this amount should be one-twelth of percentWithdraw of the current balance. For every month thereafter, the withdrawal amount should increase according to the rate of inflation, assumed to be 3% annually. Every month, the interest on the current balance should compound at a rate of rate / 100 / 12. The function should plot the retirement account balance over time, and then print the age at which the retirement funds run out. For example, your program output might look like this:

Initial balance: 10000
Current age: 20
Retirement age: 70
Annual percentage rate of return: 4.2
Monthly investment: 100
Annual withdrawal % at retirement: 4

Your savings will last until you are 99 years and 10 months old.
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Question 4.2.4 How long will your retirement savings last if you follow the plan outlined in Question 4.2 (investing $200 per month) and withdraw 4% at retirement?






*Project 4.3 Market penetration

For this project, we assume that you have read Section 4.4.

In this project, you will write a program that simulates the adoption of a new product in a market over time (i.e., the product’s “market penetration”) using a difference equation developed by marketing researcher Frank Bass in 1969 [4]. The Bass diffusion model assumes that there is one product and a fixed population of N eventual adopters of that product. In the difference equation, A(t) is the fraction (between 0 and 1) of the population that has adopted the new product t weeks after the product launch. Like the difference equations in Section 4.4, the value of A(t) will depend on the value of A(t – Δt), the fraction of the population that had adopted the product at the previous time step, t – Δt. Since t is measured in weeks, Δt is some fraction of a week. The rate of product adoption depends on two factors.


	The segment of the population that has not yet adopted the product adopts it at a constant adoption rate of r due to chance alone. By the definition of A(t), the fraction of the population that had adopted the product at the previous time step is A(t – Δt). Therefore, the fraction of the population that had not yet adopted the product at the previous time step is 1 – A(t – Δt). So the fraction of new adopters during week t from this constant adoption rate is

r · (1 – A(t – Δt)) · Δt.



	Second, the rate of adoption is affected by word of mouth within the population. Members of the population who have already adopted the product can influence those who have not. The more adopters there are, the more potential interactions exist between adopters and non-adopters, which boosts the adoption rate. The fraction of all potential interactions that are between adopters and non-adopters in the previous time step is
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The fraction of these interactions that result in a new adoption during one week is called the social contagion. We will denote the social contagion by s. So the fraction of new adopters due to social contagion during the time step ending at week t is

s · A(t – Δt) · (1 – A(t – Δt)) · Δt.

The social contagion measures how successfully adopters are able to convince non-adopters that they should adopt the product. At the extremes, if s = 1, then every interaction between a non-adopter and an adopter results in the non-adopter adopting the product. On the other hand, if s = 0, then the current adopters cannot convince any non-adopters to adopt the product.




Putting these two parts together, the difference equation for the Bass diffusion model is
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Part 1: Implement the Bass diffusion model

To implement the Bass diffusion model, write a function

productDiffusion(chanceAdoption, socialContagion, weeks, dt)

The parameters chanceAdoption and socialContagion are the values of r and s, respectively. The last two parameters give the number of weeks to simulate and the value of Δt to use. Your function should plot two curves, both with time on the x-axis and the proportion of adopters on the y-axis. The first curve is the total fraction of the population that has adopted the product by time t. This is A(t) in the difference equation above. The second curve will be the rate of change of A(t). You can calculate this by the formula

A(t)−A(t−Δt)Δt.

Equivalently, this rate of change can be thought of as the fraction of new adopters at any time step, normalized to a weekly rate, i.e., the fraction of the population added in that time step divided by dt.

Write a program that uses your function to simulate a product launch over 15 weeks, using Δt= 0.01. For this product launch, we will expect that adoption of the product will move slowly without a social effect, but that social contagion will have a significant impact. To model these assumptions, use r = 0.002 and s = 1.03.


Question 4.3.1 Describe the picture and explain the pattern of new adoptions and the resulting pattern of total adoptions over the 15-week launch.




Question 4.3.2 Now make r very small but leave s the same (r = 0.00001, s = 1.03), and answer the same question. What kind of market does this represent?




Question 4.3.3 Now set r to be 100 times its original value and s to be zero (r = 0.2, s = 0), and answer the first question again. What kind of market does this represent?





Part 2: Influentials and imitators

In a real marketplace, some adopters are more influential than others. Therefore, to be more realistic, we will now partition the entire population into two groups called influentials and imitators [56]. Influentials are only influenced by other influentials, while imitators can be influenced by either group. The numbers of influentials and imitators in the population are NA and NB, respectively, so the total population size is N = NA + NB. We will let A(t) now represent the fraction of the influential population that has adopted the product at time t and let B(t) represent the fraction of the imitator population that has adopted the product at time t.

The adoption rate of the influentials follows the same difference equation as before, except that we will denote the adoption rate and social contagion for the influentials with rA and sA.

A(t) = A(t – Δt) + rA · (1 – A(t – Δt)) · Δt + sA · A(t – Δt) · (1 – A(t – Δt)) · Δt

The adoption rate of the imitators will be different because they value the opinions of both influentials and other imitators. Let rB and sB represent the adoption rate and social contagion for the imitators. Another parameter, w (between 0 and 1), will indicate how much the imitators value the opinions of the influentials over the other imitators. At the extremes, w = 1 means that the imitators are influenced heavily by influentials and not at all by other imitators. On the other hand, w = 0 means that they are not at all influenced by influentials, but are in uenced by imitators. We will break the difference equation for B(t) into three parts.


	First, there is a constant rate of adoptions from among the imitators that have not yet adopted, just like the first part of the difference equation for A(t):

rB · (1 – B(t – Δt)) · Δt


	Second, there is a fraction of the imitators who have not yet adopted who will be influenced to adopt, through social contagion, by influential adopters.
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Recall from above that w is the extent to which imitators are more likely to be influenced by influentials than other imitators.


	Third, there is a fraction of the imitators who have not yet adopted who will be influenced to adopt, through social contagion, by other imitators who have already adopted.
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The term 1 – w is the extent to which imitators are likely to be influenced by other imitators, compared to influentials.




Putting these three parts together, we have the difference equation modeling the growth of the fraction of imitators who adopt the product.

B(t)=B(t−Δt)+rB·(1−B(t−Δt))·Δt+w·sB·A(t−Δt)·(1−B(t−Δt))·Δt+(1−w)·sB·B(t−Δt)·(1−B(t−Δt))·Δt

Now write a function

productDiffusion2(inSize, imSize, rIn, sIn, rIm, sIm, weight, weeks, dt)

that implements this product diffusion model with influentials and imitators. The parameters are similar to the previous function (but their names have been shortened). The first two parameters are the sizes of the influential and imitator populations, respectively. The third and fourth parameters are the adoption rate (rA) and social contagion (sA) for the influentials, respectively. The fifth and sixth parameters are the same values (rB and sB) for the imitators. The seventh parameter weight is the value of w. Your function should produce two plots. In the first, plot the new adoptions for each group, and the total new adoptions, over time (as before, normalized by dividing by dt). In the second, plot the total adoptions for each group, and the total adoptions for both groups together, over time. Unlike in the previous function, plot the numbers of adopters in each group rather than the fractions of adopters, so that the different sizes of each population are taken into account. (To do this, just multiply the fraction by the total size of the appropriate population.)

Write a program that uses your function to simulate the same product launch as before, except now there are 600 influentials and 400 imitators in a total population of 1000. The adoption rate and social contagion for the influentials are the same as before (rA = 0.002 and sA = 1.03), but these values are rB = 0 and sB = 0.8 for the imitators. Use a value of w = 0.6, meaning that the imitators value the opinions of the influentials over other imitators.


Question 4.3.4 Describe the picture and explain the pattern of new adoptions and the resulting pattern of total adoptions. Point out any patterns that you find interesting.




Question 4.3.5 Now set w = 0.01 and rerun the simulation. Describe the new picture and explain how and why this changes the results.






*Project 4.4 Wolves and moose

For this project, we assume that you have read Section 4.4.

Predator-prey models are commonly used in biology because they can model a wide range of ecological relationships, e.g., wolves and moose, koala and eucalyptus, or humans and tuna. In the simplest incarnation, the livelihood of a population of predators is dependent solely on the availability of a population of prey. The population of prey, in turn, is kept in check by the predators.

In the 1920’s, Alfred Lotka and Vito Volterra independently introduced the now-famous Lotka-Volterra equations to model predator-prey relationships. The model consists of a pair of related differential equations that describe the sizes of the two populations over time. We will approximate the differential equations with discrete difference equations. Let’s assume that the predators are wolves and the prey are moose. We will represent the sizes of the moose and wolf populations at the end of month t with M(t) and W(t), respectively. The difference equations describing the populations of wolves and moose are:

M(t)=M(t−Δt)+bMM(t−Δt)Δt−dMW(t−Δt)M(t−Δt)ΔtW(t)=W(t−Δt)+bWW(t−Δt)M(t−Δt)Δt−dWW(t−Δt)Δt

where


	bM is the moose birth rate (per month)


	dM is the moose death rate, or the rate at which a wolf kills a moose that it encounters (per month)


	bW is the wolf birth rate, or the moose death rate × how efficiently an eaten moose produces a new wolf (per month)


	dW is the wolf death rate (per month)




Let’s look at these equations more closely. In the first equation, the term bM M(t – Δt) Δt represents the net number of moose births in the last time step, in the absence of wolves, and the term dM W(t – Δt) M(t – Δt) Δt represents the number of moose deaths in the last time step. Notice that this term is dependent on both the number of wolves and the number of moose: W(t – Δt) M(t – Δt) is the number of possible wolf-moose encounters and dM Δt is the rate at which a wolf kills a moose that it encounters in a time step of length Δt.

In the second equation, the term bW W(t – Δt) M(t – Δt)Δt represents the number of wolf births per month. Notice that this number is also proportional to both the number of wolves and the number of moose, the idea being that wolves will give birth to more offspring when food is plentiful. As described above, bW is actually based on two quantities, the moose death rate (since wolves have to eat moose to thrive and have offspring) and how efficiently a wolf can use the energy gained by eating a moose to give birth to a new wolf. The term dW W(t – Δt)Δt represents the net number of wolf deaths per month in the absence of moose.

In this project, you will write a program that uses these difference equations to model the dynamic sizes of a population of wolves and a population of moose over time. There are three parts to the project. In the first part, you will use the Lotka-Volterra model to simulate a baseline scenario. In the second part, you will model the effects that hunting the wolves have on the populations. And, in the third part, you will create a more realistic simulation in which the sizes of the populations are limited by the natural resources available in the area.


Part 1: Implement the Lotka-Volterra model

Write a function in Python

PP(preyPop, predPop, dt, months)

that simulates this predator prey model using the difference equations above. The parameters preyPop and predPop are the initial sizes of the prey and predator populations (M(0) and W(0)), respectively, dt (Δt) is the time interval used in the simulation, and months is the number of months (maximum value of t) for which to run the simulation. To cut back on the number of parameters, you can assign constant birth and death rates to local variables inside your function. Start by trying
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CHAPTER 5

Forks in the road


When you come to a fork in the road, take it.

Yogi Berra



SO far, our algorithms have been entirely deterministic; they have done the same thing every time we execute them with the same inputs. However, the natural world and its inhabitants (including us) are usually not so predictable. Rather, we consider many natural processes to be, to various degrees, random. For example, the behaviors of crowds and markets often change in unpredictable ways. The genetic “mixing” that occurs in sexual reproduction can be considered a random process because we cannot predict the characteristics of any particular offspring. We can also use the power of random sampling to estimate characteristics of a large population by querying a smaller number of randomly selected individuals.

Most non-random algorithms must also be able to conditionally change course, or select from among a variety of options, in response to input. Indeed, most common desktop applications do nothing unless prompted by a key press or a mouse click. Computer games like racing simulators react to a controller several times a second. The protocols that govern data traffic on the Internet adjust transmission rates continually in response to the perceived level of congestion on the network. In this chapter, we will discover how to design algorithms that can behave differently in response to input, both random and deterministic.


5.1 RANDOM WALKS

Scientists are often interested in simulating random processes to better understand some characteristic of a system. For example, we may wish to estimate the theoretical probability of some genetic abnormality or the expected distance a particle moves in Brownian motion. Algorithms that employ randomness to estimate some value are called Monte Carlo simulations, after the famous casino in Monaco. Monte Carlo simulations repeat a random experiment many, many times, and average over these trials to arrive at a meaningful result; one run of the simulation, due to its random nature, does not carry any significance.

Box 5.1: Interval notation


It is customary to represent the interval (i.e., set or range), of real numbers between a and b, including a and b, with the notation [a, b]. In contrast, the set of integers between the integers a and b, including a and b, is denoted [a . . b]. For example, [3, 7] represents every real number greater than or equal to 3 and less than or equal to 7, while [3 . . 7] represents the integers 3, 4, 5, 6, 7.

To denote an interval of real numbers between a and b that does not contain an endpoint a or b, we replace the endpoint’s square bracket with a parenthesis. So [a, b) is the interval of real numbers between a and b that does contain a but does not contain b. Similarly, (a, b] contains b but not a, and (a, b) contains neither a nor b.



In 1827, British Botanist Robert Brown, while observing pollen grains suspended in water under his microscope, witnessed something curious. When the pollen grains burst, they emitted much smaller particles that proceeded to wiggle around randomly. This phenomenon, now called Brownian motion, was caused by the particles’ collisions with the moving water molecules. Brownian motion is now used to describe the motion of any sufficiently small particle (or molecule) in a fluid.

We can model the essence of Brownian motion with a single randomly moving particle in two dimensions. This process is known as a random walk. Random walks are also used to model a wide variety of other phenomena such as markets and the foraging behavior of animals, and to sample large social networks. In this section, we will develop a Monte Carlo simulation of a random walk to discover how far away a randomly moving particle is likely to get in a fixed amount of time.

You may have already modeled a simple random walk in Exercise 3.3.15 by moving a turtle around the screen and choosing a random angle to turn at each step. We will now develop a more restricted version of a random walk in which the particle is forced to move on a two-dimensional grid. At each step, we want the particle to move in one of the four cardinal directions, each with equal probability.

To simulate random processes, we need an algorithm or device that produces random numbers, called a random number generator (RNG). A computer, as described in Chapter 1, cannot implement a true RNG because everything it does is entirely predictable. Therefore, a computer either needs to incorporate a specialized device that can detect and transmit truly random physical events (like subatomic quantum fluctuations) or simulate randomness with a clever algorithm called a pseudorandom number generator (PRNG). A PRNG generates a sequence of numbers that appear to be random although, in reality, they are not.

The Python module named random provides a PRNG in a function named random. The random function returns a pseudorandom number between zero and one, but not including one. For example:

>>> import random
>>> random.random()
0.9699738944412686

(Your output will differ.) It is convenient to refer to the range of real numbers produced by the random function as [0, 1). The square bracket on the left means that 0 is included in the range, and the parenthesis on the right means that 1 is not included in the range. Box 5.1 explains a little more about this so-called interval notation, if it is unfamiliar to you.

To randomly move our particle in one of four cardinal directions, we first use the random function to assign r to be a random value in [0, 1). Then we divide our space of possible random numbers into four equal intervals, and associate a direction with each one.


	If r is in [0, 0.25), then move east.


	If r is in [0.25, 0.5), then move north.


	If r is in [0.5, 0.75), then move west.


	If r is in [0.75, 1.0), then move south.




Now let’s write an algorithm to take one step of a random walk. We will save the particle’s (x, y) location in two variables, x and y (also called the particle’s x and y coordinates). To condition each move based on the interval in which r resides, we will use Python’s if statement. An if statement executes a particular sequence of statements only if some condition is true. For example, the following statements assign a pseudorandom value to r, and then implement the first case by incrementing x when r is in [0, 0.25):

x = 0
y = 0
r = random.random()
if r < 0.25:                     # if r < 0.25,
    x = x + 1                    #   move to the east


Reflection 5.1 Why do we not need to also check whether r is at least zero?



An if statement is also called a conditional statement because, like the while loops we saw earlier, they make decisions that are conditioned on a Boolean expression. (Unlike while loops, however, an if statement is only executed once.) The Boolean expression in this case, r < 0.25, is true if r is less than 0.25 and false otherwise. If the Boolean expression is true, the statement(s) that are indented beneath the condition are executed. On the other hand, if the Boolean expression is false, the indented statement(s) are skipped, and the statement following the indented statements is executed next.
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Table 5.1 Python’s six comparison operators.



In the second case, to check whether r is in [0.25, 0.5), we need to check whether r is greater than or equal to 0.25 and whether r is less than 0.5. The meaning of “and” in the previous sentence is identical to the Boolean operator from Section 1.4. In Python, this condition is represented just as you would expect:

r >= 0.25 and r < 0.5

The >= operator is Python’s representation of “greater than or equal to” (≥). It is one of six comparison operators (or relational operators), listed in Table 5.1, some of which have two-character representations in Python. (Note especially that == is used to test for equality. We will discuss these operators further in Section 5.4.) Adding this case to the first case, we now have two if statements:

if r < 0.25:                    # if r < 0.25,
    x = x + 1                   #   move to the east
if r >= 0.25 and r < 0.5:       # if r is in [0.25, 0.5),
    y = y + 1                   #   move to the north

Now if r is assigned a value that is less than 0.25, the condition in the first if statement will be true and x = x + 1 will be executed. Next, the condition in the second if statement will be checked. But since this condition is false, y will not be incremented. On the other hand, suppose r is assigned a value that is between 0.25 and 0.5. Then the condition in the first if statement will be false, so the indented statement x = x + 1 will be skipped and execution will continue with the second if statement. Since the condition in the second if statement is true, y = y + 1 will be executed.

To complete our four-way decision, we can add two more if statements:

1 │ if r < 0.25:                      # if r < 0.25,
2 │     x = x + 1                     #   move to the east
3 │ if r >= 0.25 and r < 0.5:         # if r is in [0.25, 0.5),
4 │     y = y + 1                     #   move to the north
5 │ if r >= 0.5 and r < 0.75:         # if r is in [0.5, 0.75),
6 │     x = x - 1                     #   move to the west
7 │ if r >= 0.75 and r < 1.0:         # if r is in [0.75, 1.0),
8 │     y = y - 1                     #   move to the south
9 │ print(x, y)                       # executed after the 4 cases

There are four possible ways this code could be executed, one for each interval in which r can reside. For example, suppose r is in the interval [0.5, 0.75). We first execute the if statement on line 1. Since the if condition is false, the indented statement on line 2, x = x + 1, is skipped. Next, we execute the if statement on line 3, and test its condition. Since this is also false, the indented statement on line 4, y = y + 1, is skipped. We continue by executing the third if statement, on line 5. This condition, r >= 0.5 and r < 0.75, is true, so the indented statement on line 6, x = x - 1, is executed. Next, we continue to the fourth if statement on line 7, and test its condition, r >= 0.75 and r < 1.0. This condition is false, so execution continues on line 9, after the entire conditional structure, where the values of x and y are printed. In each of the other three cases, when r is in one of the three other intervals, a different condition will be true and the other three will be false. Therefore, exactly one of the four indented statements will be executed for any value of r.


Reflection 5.2 Is this sequence of steps efficient? If not, what steps could be skipped and in what circumstances?



The code behaves correctly, but it seems unnecessary to test subsequent conditions after we have already found the correct case. If there were many more than four cases, this extra work could be substantial. Here is a more efficient structure:

1 │  if r < 0.25:        #   if r < 0.25,
2 │      x = x + 1       #      move to the east and finish
3 │  elif r < 0.5:       #   otherwise, if r is in [0.25, 0.5),
4 │      y = y + 1       #      move to the north and finish
5 │  elif r < 0.75:      #   otherwise, if r is in [0.5, 0.75),
6 │      x = x - 1       #      move to the west and finish
7 │  elif r < 1.0:       #   otherwise, if r is in [0.75, 1.0),
8 │      y = y - 1       #      move to the south and finish
9 │  print(x, y)         #   executed after each of the 4 cases

The keyword elif is short for “else if,” meaning that the condition that follows an elif is checked only if no preceding condition was true. In other words, as we sequentially check each of the four conditions, if we find that one is true, then the associated indented statement(s) are executed, and we skip the remaining conditions in the group. We were also able to eliminate the lower bound check from each condition (e.g., r >= 0.25 in the second if statement) because, if we get to an elif condition, we know that the previous condition was false, and therefore the value of r must be greater than or equal to the interval being tested in the previous case.

To illustrate, let’s first suppose that the condition in the first if statement on line 1 is true, and the indented statement on line 2 is executed. Now none of the remaining elif conditions are checked, and execution skips ahead to line 9. On the other hand, if the condition in the first if statement is false, we know that r must be at least 0.25. Next the elif condition on line 3 would be checked. If this condition is true, then the indented statement on line 4 would be executed, none of the remaining conditions would be checked, and execution would continue on line 9. If the condition in the second if statement is also false, we know that r must be at least 0.5. Next, the condition on line 5, r < 0.75, would be checked. If it is true, the indented statement on line 6 would be executed, and execution would continue on line 9. Finally, if none of the first three conditions is true, we know that r must be at least 0.75, and the elif condition on line 7 would be checked. If it is true, the indented statement on line 8 would be executed. And, either way, execution would continue on line 9.


Reflection 5.3 For each of the four possible intervals to which r could belong, how many conditions are checked?




Reflection 5.4 Suppose you replace every elif in the most recent version above with if. What would then happen if r had the value 0.1?



This code can be streamlined a bit more. Since r must be in [0, 1), there is no point in checking the last condition, r < 1.0. If execution has proceeded that far, r must be in [0.75, 1). So, we should just execute the last statement, y = y - 1, without checking anything. This is accomplished by replacing the last elif with an else statement:

1 │  if r < 0.25:          #   if r < 0.25,
2 │      x = x + 1         #      move to the east and finish
3 │  elif r < 0.5:         #   otherwise, if r is in [0.25, 0.5),
4 │      y = y + 1         #      move to the north and finish
5 │  elif r < 0.75:        #   otherwise, if r is in [0.5, 0.75),
6 │      x = x - 1         #      move to the west and finish
7 │  else:                 #   otherwise,
8 │      y = y - 1         #      move to the south and finish
9 │  print(x, y)           #   executed after each of the 4 cases

The else signals that, if no previous condition is true, the statement(s) indented under the else are to be executed.


Reflection 5.5 Now suppose you replace every elif with if. What would happen if r had the value 0.1?



If we (erroneously) replaced the two instances of elif above with if, then the final else would be associated only with the last if. So if r had the value 0.1, all three if conditions would be true and all three of the first three indented statements would be executed. The last indented statement would not be executed because the last if condition was true.


Reflection 5.6 Suppose we wanted to randomly move a particle on a line instead. Then we only need to check two cases: whether r is less than 0.5 or not. If r is less than 0.5, increment x. Otherwise, decrement x. Write an if/else statement to implement this. (Resist the temptation to look ahead.)



In situations where there are only two choices, an else can just accompany an if. For example, if wanted to randomly move a particle on a line, our conditional would look like:

if r < 0.5:       # if r < 0.5,
    x = x + 1     #    move to the east and finish
else:             # otherwise (r >= 0.5),
    x = x - 1     #    move to the west and finish
print(x)          # executed after the if/else

We are now ready to use our if/elif/else conditional structure in a loop to simulate many steps of a random walk on a grid. The randomWalk function below does this, and then returns the distance the particle has moved from the origin.

def randomWalk(steps, tortoise):
    """Displays a random walk on a grid.
 
    Parameters:
        steps: the number of steps in the random walk
        tortoise: a Turtle object
 
    Return value: the final distance from the origin
    """
 
    x = 0                        # initialize (x, y) = (0, 0)
    y = 0
    moveLength = 10              # length of a turtle step
    for step in range(steps):
        r = random.random()      # randomly choose a direction
        if r < 0.25:    # if r < 0.25,
            x = x + 1   #    move to the east and finish
        elif r < 0.5:   # otherwise, if r is in [0.25, 0.5),
            y = y + 1   #    move to the north and finish
        elif r < 0.75:  # otherwise, if r is in [0.5, 0.75),
            x = x - 1   #    move to the west and finish
        else:           # otherwise,
            y = y - 1   #    move to the south and finish
        tortoise.goto(x * moveLength, y * moveLength) # draw one step
 
    return math.sqrt(x * x + y * y)     # return distance from (0, 0)
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Figure 5.1 A 1000-step random walk produced by the randomWalk function.



To make the grid movement easier to see, we make the turtle move further in each step by multiplying each position by a variable moveLength. To try out the random walk, write a main function that creates a new Turtle object and then calls the randomWalk function with 1000 steps. One such run is illustrated in Figure 5.1.


A random walk in Monte Carlo

How far, on average, does a two-dimensional Brownian particle move from its origin in a given number of steps? The answer to this question can, for example, provide insight into the rate at which a fluid spreads or the extent of an animal’s foraging territory.

The distance traveled in any one particular random walk is meaningless; the particle may return the origin, walk away from the origin at every step, or do something in between. None of these outcomes tells us anything about the expected, or average, behavior of the system. Instead, to model the expected behavior, we need to compute the average distance over many, many random walks. This kind of simulation is called a Monte Carlo simulation.

As we will be calling randomWalk many times, we would like to speed things up by skipping the turtle visualization of the random walks. We can prevent drawing by incorporating a flag variable as a parameter to randomWalk. A flag variable takes on a Boolean value, and is used to switch some behavior on or off. In Python, the two possible Boolean values are named True and False (note the capitalization). In the randomWalk function, we will call the flag variable draw, and cause its value to influence the drawing behavior with another if statement:

def randomWalk(steps, tortoise, draw):
        ⋮   
 
        if draw:
            tortoise.goto(x * moveLength, y * moveLength)
        ⋮   

Now, when we call randomWalk, we pass in either True or False for our third argument. If draw is True, then tortoise.goto(…) will be executed but, if draw is False, it will be skipped.

To find the average over many trials, we will call our randomWalk function repeatedly in a loop, and use an accumulator variable to sum up all the distances.

def rwMonteCarlo(steps, trials):
    """A Monte Carlo simulation to find the expected distance
       that a random walk finishes from the origin.
 
     Parameters:
         steps: the number of steps in the random walk
         trials: the number of random walks
 
     Return value: the average distance from the origin
     """
 
     totalDistance = 0
     for trial in range(trials):
         distance = randomWalk(steps, None, False)
         totalDistance = totalDistance + distance
     return totalDistance / trials

Notice that we have passed in None as the argument for the second parameter (tortoise) of randomWalk. With False being passed in for the parameter draw, the value assigned to tortoise is never used, so we pass in None as a placeholder “dummy value.”


Reflection 5.7 Get ten different estimates of the average distance traveled over five trials of a 500-step random walk by calling rwMonteCarlo(500, 5) ten times in a loop and printing the result each time. What do you notice? Do you think five trials is enough? Now perform the same experiment with 10, 100, 1000, and 10000 trials. How many trials do you think are sufficient to get a reliable result?



Ultimately, we want to understand the distance traveled as a function of the number of steps. In other words, if the particle moves n steps, does it travel an average distance of n/2 or n/25 or n or log2 n or ... ? To empirically discover the answer, we need to run the Monte Carlo simulation for many different numbers of steps, and try to infer a pattern from a plot of the results. The following function does this with steps equal to 100, 200, 300, ..., maxSteps, and then plots the results.

import matplotlib.pyplot as pyplot
 
def plotDistances(maxSteps, trials):
    """Plots the average distances traveled by random walks of
       100, 200, ..., maxSteps steps.
 
    Parameters:
        maxSteps: the maximum number of steps for the plot
        trials: the number of random walks in each simulation
 
    Return value: None
    """
 
    distances = [ ]
    stepRange = range(100, maxSteps + 1, 100)
    for steps in stepRange:
        distance = rwMonteCarlo(steps, trials)
        distances.append(distance)
 
    pyplot.plot(stepRange, distances, label = 'Simulation')
    pyplot.legend(loc = 'center right')
    pyplot.xlabel('Number of Steps')
    pyplot.ylabel('Distance From Origin')
    pyplot.show()


Reflection 5.8 Run plotDistances(1000, 5000). What is your hypothesis for the function approximated by the plot?



The function we are seeking has actually been mathematically determined, and is approximately n. You can confirm this empirically by plotting this function alongside the simulated results. To do so, insert each of these three statements in their appropriate locations in the plotDistances function:

y = [ ]  # before loop
 
y.append(math.sqrt(steps))  # inside loop
 
pyplot.plot(stepRange, y, label = 'Model Function')   # after loop

The result is shown in Figure 5.2. This result tells us that after a random particle moves n unit-length steps, it will be about n units of distance away from where it started, on average. In any particular instance, however, a particle may be much closer or farther away.

As you discovered in Reflection 5.1, the quality of any Monte Carlo approximation depends on the number of trials. If you call plotDistances a few more times with different numbers of trials, you should find that the plot of the simulation results gets “smoother” with more trials. But more trials obviously take longer. This is another example of the tradeoffs that we often encounter when solving problems.
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Figure 5.2 Plot generated by plotDistances(1000, 10000) with a comparison to the square root function.





Histograms

As we increase the number of trials, our average results become more consistent, but what do the individual trials look like? To find out, we can generate a histogram of the individual random walk distances. A histogram for a data set is a bar graph that shows how the items in the data set are distributed across some number of intervals, which are usually called “buckets” or “bins.”

The following function is similar to rwMonteCarlo, except that it initializes an empty list before the loop, and appends one distance to the list in every iteration. Then it passes this list to the matplotlib histogram function hist. The first argument to the hist function is a list of numbers, and the second parameter is the number of buckets that we want to use.

def rwHistogram(steps, trials):
    """Draw a histogram of the given number of trials of
       a random walk with the given number of steps.
 
      Parameters:
          steps: the number of steps in the random walk
          trials: the number of random walks
 
      Return value: None
      """
 
      distances = [ ]
      for trial in range(trials):
          distance = randomWalk(steps, None, False)
          distances.append(distance)
 
      pyplot.hist(distances, 75)
      pyplot.show()


Reflection 5.9 Call the rwHistogram function to produce a histogram of 5000 trials of a random walk of 1000 steps. What is the shape of the histogram?





Exercises

5.1.1. Sometimes we want a random walk to reflect circumstances that bias the probability of a particle moving in some direction (i.e., gravity, water current, or wind). For example, suppose that we need to incorporate gravity, so a movement to the north is modeling a real movement up, away from the force of gravity. Then we might want to decrease the probability of moving north to 0.15, increase the probability of moving south to 0.35, and leave the other directions as they were. Show how to modify the randomWalk function to implement this situation.

5.1.2. Suppose the weather forecast calls for a 70% chance of rain. Write a function

weather()

that prints 'RAIN' (or something similar) with probability 0.7, and 'SUN!' otherwise.

Now write another version that snows with probability 0.66, produces a sunny day with probability 0.33, and rains cats and dogs with probability 0.01.

5.1.3. Write a function

loaded()

that simulates the rolling of a single “loaded die” that rolls more 1’s and 6’s than it should. The probability of rolling each of 1 or 6 should be 0.25. The function should use the random.random function and an if/elif/else conditional construct to assign a roll value to a variable named roll, and then return the value of roll.

5.1.4. Write a function

roll()

that simulates the rolling of a single fair die. Then write a function

diceHistogram(trials)

that simulates trials rolls of a pair of dice and displays a histogram of the results. (Use a bucket for each of the values 2–12.) What roll is most likely to show up?

5.1.5. The Monty Hall problem is a famous puzzle based on the game show “Let’s Make a Deal,” hosted, in its heyday, by Monty Hall. You are given the choice of three doors. Behind one is a car, and behind the other two are goats. You pick a door, and then Monty, who knows what’s behind all three doors, opens a different one, which always reveals a goat. You can then stick with your original door or switch. What do you do (assuming you would prefer a car)?

We can write a Monte Carlo simulation to find out. First, write a function

montyHall(choice, switch)

that decides whether we win or lose, based on our original door choice and whether we decide to switch doors. Assume that the doors are numbered 0, 1, and 2, and that the car is always behind door number 2. If we originally chose the car, then we lose if we switch but we win if we don’t. Otherwise, if we did not originally choose the car, then we win if we switch and lose if we don’t. The function should return True if we win and False if we lose.

Now write a function

monteMonty(trials)

that performs a Monte Carlo simulation with the given number of trials to find the probability of winning if we decide to switch doors. For each trial, choose a random door number (between 0 and 2), and call the montyHall function with your choice and switch = True. Count the number of times we win, and return this number divided by the number of trials. Can you explain the result?

5.1.6. The value of π can be estimated with Monte Carlo simulation. Suppose you draw a circle on the wall with radius 1, inscribed inside a square with side length 2.
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You then close your eyes and throw darts at the circle. Assuming every dart lands inside the square, the fraction of the darts that land in the circle estimates the ratio between the area of the circle and the area of the square. We know that the area of the circle is C = πr2 = π12 = π and the area of the square is S = 22 = 4. So the exact ratio is π/4. With enough darts, f, the fraction (between 0 and 1) that lands in the circle will approximate this ratio: f ≈ π/4, which means that π ≈ 4f. To make matters a little simpler, we can just throw darts in the upper right quarter of the circle (shaded above). The ratio here is the same: (π/4)/1 = π/4. If we place this quarter circle on x and y axes, with the center of the circle at (0, 0), our darts will now all land at points with x and y coordinates between 0 and 1.

Use this idea to write a function

montePi(darts)

that approximates the value π by repeatedly throwing random virtual darts that land at points with x and y coordinates in [0, 1). Count the number that land at points within distance 1 of the origin, and return this fraction.

5.1.7. The Good, The Bad, and The Ugly are in a three-way gun fight (sometimes called a “truel”). The Good always hits his target with probability 0.8, The Bad always hits his target with probability 0.7, and The Ugly always hits his target with probability 0.6. Initially, The Good aims at The Bad, The Bad aims at The Good, and The Ugly aims at The Bad. The gunmen shoot simultaneously. In the next round, each gunman, if he is still standing, aims at his same target, if that target is alive, or at the other gunman, if there is one, otherwise. This continues until only one gunman is standing or all are dead. What is the probability that they all die? What is the probability that The Good survives? What about The Bad? The Ugly? On average, how many rounds are there? Write a function

goodBadUgly()

that simulates one instance of this three-way gun fight. Your function should return 1, 2, 3, or 0 depending upon whether The Good, The Bad, The Ugly, or nobody is left standing, respectively. Next, write a function

monteGBU(trials)

that calls your goodBadUgly function repeatedly in a Monte Carlo simulation to answer the questions above.

5.1.8. What is printed by the following sequence of statements in each of the cases below? Explain your answers.

if votes1 >= votes2:
    print('Candidate one wins!')
elif votes1 <= votes2:
    print('Candidate two wins!')
else:
    print('There was a tie.')

(a) votes1 = 184 and votes2 = 206

(b) votes1 = 255 and votes2 = 135

(c) votes1 = 195 and votes2 = 195

5.1.9. There is a problem with the code in the previous exercise. Fix it so that it correctly fulfills its intended purpose.

5.1.10. What is printed by the following sequence of statements in each of the following cases? Explain your answers.

majority = (votes1 + votes2 + votes3) / 2
if votes1 > majority:
    print('Candidate one wins!')
if votes2 > majority:
    print('Candidate two wins!')
if votes3 > majority:
    print('Candidate three wins!')
else:
    print('A runoff is required.')

(a) votes1 = 5 and votes2 = 5 and votes3 = 5

(b) votes1 = 9 and votes2 = 2 and votes3 = 4

(c) votes1 = 0 and votes2 = 15 and votes3 = 0

5.1.11. Make the code in the previous problem more efficient and fix it so that it fulfills its intended purpose.

5.1.12. What is syntactically wrong with the following sequence of statements?

if x < 1:
    print('Something.')
else:
    print('Something else.')
elif x > 3:
    print('Another something.')

5.1.13. What is the final value assigned to result after each of the following code segments?

(a)     n = 13
        result = n
        if n > 12:
            result = result + 12
        if n < 5:
            result = result + 5
        else:
            result = result + 2

(b)     n = 13
        result = n
        if n > 12:
            result = result + 12
        elif n < 5:
            result = result + 5
        else:
            result = result + 2
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Figure 5.3 An illustration of the operation of a simple PRNG.



5.1.14. Write a function

computeGrades(scores)

that returns a list of letter grades corresponding to the numerical scores in the list scores. For example, computeGrades([78, 91, 85]) should return the list ['C', 'A', 'B']. To test your function, use lists of scores generated by the following function.

import random
 
def randomScores(n):
    scores = []
    for count in range(n):
        scores.append(random.gauss(80, 10))
    return scores

5.1.15. Determining the number of bins to use in a histogram is part science, part art. If you use too few bins, you might miss the shape of the distribution. If you use too many bins, there may be many empty bins and the shape of the distribution will be too jagged. Experiment with the correct number of bins for 10,000 trials in rwHistogram function. At the extremes, create a histogram with only 3 bins and another with 1,000 bins. Then try numbers in between. What seems to be a good number of bins? (You may also want to do some research on this question.)




*5.2 PSEUDORANDOM NUMBER GENERATORS

Let’s look more closely at how a pseudorandom number generator (PRNG) creates a sequence of numbers that appear to be random. A PRNG algorithm starts with a particular number called a seed. If we let R(t) represent the number returned by the PRNG in step t, then we can denote the seed as R(0). We apply a simple, but carefully chosen, arithmetic function to the seed to get the first number R(1) in our pseudorandom sequence. To get the next number in the pseudorandom sequence, we apply the same arithmetic function to R(1), producing R(2). This process continues for R(3), R(4), ..., for as long as we need “random” numbers, as illustrated in Figure 5.3.


Reflection 5.10 Notice that we are computing R(t) from R(t – 1) at every step. Does this look familiar?



If you read Section 4.4, you may recognize this as another example of a difference equation. A difference equation is a function that computes its next value based on its previous value.

A simple PRNG algorithm, known as a Lehmer pseudorandom number generator, is named after the late mathematician Derrick Lehmer. Dr. Lehmer taught at the University of California, Berkeley, and was one of the first people to run programs on the ENIAC, the first electronic computer. A Lehmer PRNG uses the following difference equation:

R(t) = a · R(t – 1) mod m

where m is a prime number and a is an integer between 1 and m – 1. For example, suppose m = 13, a = 5, and the seed R(0) = 1. Then

R(1) = 5 · R(0) mod 13 = 5 · 1 mod 13 = 5 mod 13 = 5

R(2) = 5 · R(1) mod 13 = 5 · 5 mod 13 = 25 mod 13 = 12

R(3) = 5 · R(2) mod 13 = 5 · 12 mod 13 = 60 mod 13 = 8

So this pseudorandom sequence begins 5, 12, 8, ....


Reflection 5.11 Compute the next four values in the sequence.



The next four values are R(4) = 1, R(5) = 5, R(6) = 12, and R(7) = 8. So the sequence is now 5, 12, 8, 1, 5, 12, 8, ....


Reflection 5.12 Does this sequence look random?



Unfortunately, our chosen parameters produce a sequence that endlessly repeats the subsequence 1, 5, 12, 8. This is obviously not very random, but we can fix it by choosing m and a more carefully. We will revisit this in a moment.


Implementation

But first, let’s implement the PRNG “black box” in Figure 5.3, based on the Lehmer PRNG difference equation. It is a very simple function!

def lehmer(r, m, a):
    """Computes the next pseudorandom number using a Lehmer PRNG.
 
     Parameters:
         r: the seed or previous pseudorandom number
         m: a prime number
         a: an integer between 1 and m - 1
 
     Return value: the next pseudorandom number
     """
 
     return (a * r) % m

The parameter r represents R(t − 1) and the value returned by the function is the single value R(t).

Now, for our function to generate good pseudorandom numbers, we need some better values for m and a. Some particularly good ones were suggested by Keith Miller and Steve Park in 1988:

m = 231 − 1 = 2, 147, 483, 647 and a = 16, 807.

A Lehmer generator with these parameters is often called a Park-Miller psuedorandom number generator. To create a Park-Miller PRNG, we can call the lehmer function repeatedly, each time passing in the previously generated value and the Park-Miller values of m and a, as follows.

def randomSequence(length, seed):
    """Returns a list of Park-Miller pseudorandom numbers.
 
    Parameters:
        length: the number of pseudorandom numbers to generate
        seed: the initial seed
 
    Return value: a list of Park-Miller pseudorandom numbers
                  with the given length
    """
 
    r = seed
    m = 2**31 - 1
    a = 16807
    randList = [ ]
    for index in range(length):
        r = lehmer(r, m, a)
        randList.append(r)
    return randList

In each iteration, the function appends a new pseudorandom number to the end of the list named randList. (This is another list accumulator.) The randomSequence function then returns this list of length pseudorandom numbers. Try printing the result of randomSequence(100, 1).

Because all of the returned values of lehmer are modulo m, they are all in the interval [0 . . m – 1]. Since the value of m is somewhat arbitrary, random numbers are usually returned instead as values from the interval [0, 1), as Python’s random function does. This is accomplished by simply dividing each pseudorandom number by m. To modify our randomSequence function to returns a list of numbers in [0, 1) instead of in [0 . . m – 1], we can simply append r / m to randList instead of r.


Reflection 5.13 Make this change to the randomSequence function and call the function again with seeds 3, 4, and 5. Would you expect the results to look similar with such similar seeds? Do they?



As an aside, you can set the seed used by Python’s random function by calling the seed function. The default seed is based on the current time.

The ability to generate an apparently random, but reproducible, sequence by setting the seed has quite a few practical applications. For example, it is often useful in a Monte Carlo simulation to be able to reproduce an especially interesting run by simply using the same seed. Pseudorandom sequences are also used in electronic car door locks. Each time you press the button on your dongle to unlock the door, it is sending a different random code. But since the dongle and the car are both using the same PRNG with the same seed, the car is able to recognize whether the code is legitimate.



Testing randomness

How can we tell how random a sequence of numbers really is? What does it even mean to be truly “random?” If a sequence is random, then there must be no way to predict or reproduce it, which means that there must be no shorter way to describe the sequence than the sequence itself. Obviously then, a PRNG is not really random at all because it is entirely reproducible and can be described by simple formula. However, for practical purposes, we can ask whether, if we did not know the formula used to produce the numbers, could we predict them, or any patterns in them?

One simple test is to generate a histogram from the list of values.


Reflection 5.14 Suppose you create a histogram for a list of one million random numbers in [0, 1). If the histogram contains 100 buckets, each representing an interval with length 0.01, about how many numbers should be assigned to each bucket?



If the list is random, each bucket should contain about 1%, or 10,000, of the numbers. The following function generates such a histogram.

import matplotlib.pyplot as pyplot
 
def histRandom(length):
    """Displays a histogram of numbers generated by the Park-Miller PRNG.
 
     Parameter:
         length: the number of pseudorandom numbers to generate
 
     Return value: None
     """
 
     samples = randomSequence(length, 6)
     pyplot.hist(samples, 100)
     pyplot.show()


Reflection 5.15 Call histRandom(100000). Does the randomSequence function look like it generates random numbers? Does this test guarantee that the numbers are actually random?



There are several other ways to test for randomness, many of which are more complicated than we can describe here (we leave a few simpler tests as exercises). These tests reveal that the Lehmer PRNG that we described exhibits some patterns that are undesirable in situations requiring higher-quality random numbers. However, the Python random function uses one of the best PRNG algorithms known, called the Mersenne twister, so you can use it with confidence.



Exercises

5.2.1. We can visually test the quality of a PRNG by using it to plot random points on the screen. If the PRNG is truly random, then the points should be uniformly distributed without producing any noticeable patterns. Write a function

testRandom(n)

that uses turtle graphics and random.random to plot n random points with x and y each in [0, 1). Here is a “skeleton” of the function with some turtle graphics set up for you. Calling the setworldcoordinates function redefines the coordinate system so that the lower left corner is (0, 0) and the upper right corner is (1, 1). Use the turtle graphics functions goto and dot to move the turtle to each point and draw a dot there.

def testRandom(n):
    """ your docstring here """
 
     tortoise = turtle.Turtle()
     screen = tortoise.getscreen()
     screen.setworldcoordinates(0, 0, 1, 1)
     screen.tracer(100)    # only draw every 100 updates
     tortoise.up()
     tortoise.speed(0)
 
     # draw the points here
 
     screen.update()       # ensure all updates are drawn
     screen.exitonclick()

5.2.2. Repeat Exercise 5.2.1, but use the lehmer function instead of random.random. Remember that lehmer returns an integer in [0 . . m – 1], which you will need to convert to a number in [0, 1). Also, you will need to call lehmer twice in each iteration of the loop, so be careful about how you are passing in values of r.

5.2.3. Another simple test of a PRNG is to produce many pseudorandom numbers in [0, 1) and make sure their average is 0.5. To test this, write a function

avgTest(n)

that returns the average of n pseudorandom numbers produced by the random function.




*5.3 SIMULATING PROBABILITY DISTRIBUTIONS

Pseudorandom number generators can be used to approximate various probability distributions that can be used to simulate natural phenomena. A probability distribution assigns probabilities, which are values in [0, 1], to a set of random elementary events. The sum of the probabilities of all of the elementary events must be equal to 1. For example, a weather forecast that calls for a 70% chance of rain is a (predicted) probability distribution: the probability of rain is 0.7 and the probability of no rain is 0.3. Mathematicians usually think of probability distributions as assigning probabilities to numerical values or intervals of values rather than natural events, although we can always define an equivalence between a natural event and a numerical value.

Python provides support for several probability distributions in the random module. Here we will just look at two especially common ones: the uniform and normal distributions. Each of these is based on Python’s random function.


The uniform distribution

The simplest general probability distribution is the uniform distribution, which assigns equal probability to every value in a range, or to every equal length interval in a range. A PRNG like the random function returns values in [0, 1) according to a uniform distribution. The more general Python function random.uniform(a, b) returns a uniformly random value in the interval [a, b]. In other words, it is equally likely to return any number in [a, b]. For example,

>>> random.uniform(0, 100)
77.10524701669804



The normal distribution

Measurements of most everyday and natural processes tend to exhibit a “bell curve” distribution, formally known as a normal or Gaussian distribution. A normal distribution describes a process that tends to generate values that are centered around a mean. For example, measurements of people’s heights and weights tend to fall into a normal distribution, as do the velocities of molecules in an ideal gas.

A normal distribution has two parameters: a mean value and a standard deviation. The standard deviation is, intuitively, the average distance a value is from the mean; a low standard deviation will give values that tend to be tightly clustered around the mean while a high standard deviation will give values that tend to be spread out from the mean.

The normal distribution assigns probabilities to intervals of real numbers in such a way that numbers centered around the mean have higher probability than those that are further from the mean. Therefore, if we are generating random values according to a normal distribution, we are more likely to get values close to the mean than values farther from the mean.

The Python function random.gauss returns a value according to a normal distribution with a given mean and standard deviation. For example, the following returns a value according to the normal distribution with mean 0 and standard deviation 0.25.
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Figure 5.4 A histogram of 100,000 samples from random.gauss(0, 0.25).



>>> random.gauss(0, 0.25)
-0.3371607214433552

Figure 5.4 shows a histogramhistogram of 100,000 values returned by random.gauss(0, 0.25). Notice that the “bell curve” of frequencies is centered at the mean of 0.



The central limit theorem

Intuitively, the normal distribution is so common because phenomena that are the sums of many additive random factors tend to be normal. For example, a person’s height is the result of several different genes and the person’s health, so the distribution of heights in a population tends to be normal. To illustrate this phenomenon, let’s create a histogram of the sums of numbers generated by the random function. Below, the sumRandom function returns the sum of n random numbers in the interval [0, 1). The sumRandomHist function creates a list named samples that contains trials of these sums, and then plots a histogram of them.

import matplotlib.pyplot as pyplot
import random
 
def sumRandom(n):
    """Returns the sum of n pseudorandom numbers in [0,1).
 
     Parameter:
         n: the number of pseudorandom numbers to generate
 
     Return value: the sum of n pseudorandom numbers in [0,1)
     """
 
     sum = 0
     for index in range(n):
         sum = sum + random.random()
     return sum
 
def sumRandomHist(n, trials):
    """Displays a histogram of sums of n pseudorandom numbers.
 
     Parameters:
         n: the number of pseudorandom numbers in each sum
         trials: the number of sums to generate
 
     Return value: None
     """
 
     samples = [ ]
     for index in range(trials):
         samples.append(sumRandom(n))
     pyplot.hist(samples, 100)
     pyplot.show()


Reflection 5.16 Call sumRandomHist with 100,000 trials and values of n equal to 1, 2, 3, and 10. What do you notice?



When we call sumRandomHist with n = 1, we get the expected uniform distribution of values, shown in the upper left of Figure 5.5. However, for increasing values of n, we notice that the distribution of values very quickly begins to look like a normal distribution, as illustrated in the rest of Figure 5.5. In addition, the standard deviation of the distribution (intuitively, the width of the “bell”) appears to get smaller relative to the mean.

The mathematical name for this phenomenon is the central limit theorem. Intuitively, the central limit theorem implies that any large set of independent measurements of a process that is the cumulative result of many random factors will look like a normal distribution. Because a normal distribution is centered around a mean, this also implies that the average of all of the measurements will be close to the true mean.
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Figure 5.5 Results of sumRandomHist(n, 100000) with n = 1, 2, 3, 10.




Reflection 5.17 Think back to the experiment you ran to answer Reflection 5.9. The shape of the histogram should have resembled a normal distribution. Can you use the central limit theorem to explain why?





Exercises

5.3.1. A more realistic random walk has the movement in each step follow a normal distribution. In particular, in each step, we can change both x and y according to a normal distribution with mean 0. Because the values produced by this distribution will be both positive and negative, the particle can potentially move in any direction. To make the step sizes small, we need to use a small standard deviation, say 0.5:

x = x + random.gauss(0, 0.5)
y = y + random.gauss(0, 0.5)

Modify the randomWalk function so that it updates the position of the particle in this way instead. Then use the rwMonteCarlo and plotDistances functions to run a Monte Carlo simulation with your new randomWalk function. As we did earlier, call plotDistances(1000, 10000). How do your results differ from the original version?

5.3.2. Write a function

uniform(a, b)

that returns a number in the interval [a, b) using only the random.random function. (Do not use the random.uniform function.)

5.3.3. Suppose we want a pseudorandom integer between 0 and 7 (inclusive). How can we use the random.random() and int functions to get this result?

5.3.4. Write a function

randomRange(a, b)

that returns a pseudorandom integer in the interval [a . . b] using only the random.random function. (Do not use random.randrange or random.randint.)

5.3.5. Write a function

normalHist(mean, stdDev, trials)

that produces a histogram of trials values returned by the gauss function with the given mean and standard deviation. In other words, reproduce Figure 5.4. (This is very similar to the sumRandomHist function.)

5.3.6. Write a function

uniformHist(a, b, trials)

that produces a histogram of trials values in the range [a, b] returned by the uniform function. In other words, reproduce the top left histogram in Figure 5.5. (This is very similar to the sumRandomHist function.)

5.3.7. Write a function

plotChiSquared(k, trials)

that produces a histogram of trials values, each of which is the sum of k squares of values given by the random.gauss function with mean 0 and standard deviation 1. (This is very similar to the sumRandomHist function.) The resulting probability distribution is known as the chi-squared distribution (χ2 distribution) with k degrees of freedom.




5.4 BACK TO BOOLEANS

As we discussed at the beginning of the chapter, virtually every useful algorithm must be able to conditionally change course in response to input. This conditional behavior can be implemented with the same if statements that we worked with in Section 5.1. In this section, we will further develop your facility with these conditional statements, and the Boolean logic that drives them. (If your Boolean logic is rusty, you may want to review the concepts in Section 1.4 before continuing.)

In Section 5.1, we used simple if statements like

if r < 0.5:
    x = x + 1
else:
    x = x - 1

to control a random walk based on a random value of r. The outcome in this case is based upon the value of the Boolean expression r < 0.5. In Python, Boolean expressions evaluate to either the value True or the value False, which correspond to the binary values 1 and 0, respectively, that we worked with in Section 1.4. The values True and False can be printed, assigned to variable names, and manipulated just like numeric values. For example, try the following examples and make sure you understand each result.

>>> print(0 < 1)
True
>>> name = 'Kermit'
>>> print(name == 'Gonzo')
False
>>> result = 0 < 1
>>> result
True
>>> result and name == 'Kermit'
True

The “double equals” (==) operator tests for equality; it has nothing to do with assignment. The Python interpreter will remind you if you mistakenly use a single equals in an if statement. For example, try this:

>>> if r = 0:
    if r = 0:
         ^
SyntaxError: invalid syntax

However, the interpreter will not catch the error if you mistakenly use == in an assignment statement. For example, try this:

>>> r = 1
>>> r == r + 1   # increment r?
False

In a program, nothing will be printed as a result of the second statement, and r will not be incremented as expected. So be careful!

As we saw in Section 1.4, Boolean expressions can be combined with the Boolean operators (or logical operators) and, or, and not. As a reminder, Figure 5.6 contains the truth tables for the three Boolean operators, expressed in Python notation. In the tables, the variable names a and b represent arbitrary Boolean variables or expressions.

For example, suppose we wanted to determine whether a household has an annual income within some range, say $40,000 to $65,000:
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Figure 5.6 Combined truth table for the three Boolean operators.



>>> income    = 53000
>>> income    >= 40000 and income <= 65000
True
>>> income    = 12000
>>> income    >= 40000 and income <= 65000
False

When 53000 is assigned to income, the two Boolean expressions income >= 40000 and income <= 65000 are both True, so income >= 40000 and income <= 65000 is also True. However, when 12000 is assigned to income, income >= 40000 is False, while income <= 65000 is True, so income >= 40000 and income <= 65000 is now False. We can also incorporate this test into a function that simply returns the value of the condition:

>>> def middleClass(income):
        return (income >= 40000 and income <= 65000)
>>> middleClass(53000)
True
>>> middleClass(12000)
False


Reflection 5.18 What would happen if we changed and to or in the middleClass function? For what values of income would the function return False?



If we changed the middleClass function to be

def middleClass(income):
    return (income >= 40000 or income <= 65000)    # WRONG!

it would always return True! Consider the three possible cases:


	If income is between 40000 and 65000 (inclusive), it will return True because both parts of the or expression are True.


	If income < 40000, it will return True because income <= 65000 is True.


	If income > 65000, it will return True because income >= 40000 is True.





Short circuit evaluation

The and and or operators exhibit a behavior known as short circuit evaluation that comes in handy in particular situations. Since both operands of an and expression must be true for the expression to be true, the Python interpreter does not bother to evaluate the second operand in an and expression if the first is false. Likewise, since only one operand of an or expression must be true for the expression to be true, the Python interpreter does not bother to evaluate the second operand in an or expression if the first is true.

For example, suppose we wanted to write a function to decide, in some for-profit company, whether the CEO’s compensation divided by the average employees’ is at most some “fair” ratio. A simple function that returns the result of this test looks like this:

def fair(employee, ceo, ratio):
    """Decide whether the ratio of CEO to employee pay is fair.
 
    Parameters:
        employee: average employee pay
        ceo: CEO pay
        ratio: the fair ratio
 
    Return: a Boolean indicating whether ceo / employee is fair
    """
 
    return (ceo / employee <= ratio)


Reflection 5.19 There is a problem with this function. What is it?



This function will not always work properly because, if the average employees’ compensation equals 0, the division operation will result in an error. Therefore, we have to test whether employee == 0 before attempting the division and, if so, return False (because not paying employees is obviously never fair). Otherwise, we want to return the result of the fairness test. The following function implements this algorithm.

def fair(employee, ceo, ratio):
    """ (docstring omitted) """
 
    if employee == 0:
        result = False
    else:
        result = (ceo / employee <= ratio)
    return result

However, with short circuit evaluation, we can simplify the whole function to:

def fair(employee, ceo, ratio):
    """ (docstring omitted) """
 
     return (employee != 0) and (ceo / employee <= ratio)

If employee is 0, then (employee != 0) is False, and the function returns False without evaluating (ceo / employee <= ratio). On the other hand, if (employee != 0) is true, then (ceo / employee <= ratio) is evaluated, and the return value depends on this outcome. Notice that this would not work if the and operator did not use short circuit evaluation because, if (employee != 0) were false and then (ceo / employee <= ratio) was evaluated, the division would result in a “divide by zero” error!

To illustrate the analogous mechanism with the or operator, suppose we wanted to write the function in the opposite way, instead returning True if the ratio is unfair. The first version of the function would look like this:

def unfair(employee, ceo, ratio):
    """Decide whether the ratio of CEO to employee pay is unfair.
 
     Parameters:
         employee: average employee pay
         ceo: CEO pay
         ratio: the fair ratio
 
     Return: a Boolean indicating whether ceo / employee is not fair
     """
 
     if employee == 0:
         result = True
     else:
         result = (ceo / employee > ratio)
     return result

However, taking advantage of short circuit evaluation with the or operator, we can simplify the whole function to:

def unfair(employee, ceo, ratio):
    """ (docstring omitted) """
 
     return (employee == 0) or (ceo / employee > ratio)

In this case, if (employee == 0) is True, the whole expression returns True without evaluating the division test, thus avoiding an error. On the other hand, if (employee == 0) is False, the division test is evaluated, and the final result is equal to the outcome of this test.



Complex expressions

Some situations require Boolean expressions that are more complex than what we have seen thus far. To illustrate, let’s consider how to test whether a particle in a random walk at position (x, y) is in one of the four corners of the screen, as depicted by the shaded regions below.
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There are (at least) two ways we can write a Boolean expression to test this condition. One way is to test whether the particle is in each corner individually.


	For the point to be corner 1, x > d and y > d must be True;


	for the point to be corner 2, x < -d and y > d must be True;


	for the point to be corner 3, x < -d and y < -d must be True; or


	for the point to be corner 4, x > d and y < -d must be True.




Since any one of these can be True for our condition to be True, the final test, in the form of a function, looks like the following. (The “backslash” (\) character below is the line continuation character. It indicates that the line that it ends is continued on the next line. This is sometimes handy for splitting very long lines of code.)

>>> def corners(x, y, d):
        return x > d and y > d or x < -d and y > d or \
               x < -d and y < -d or x > d and y < -d
>>> corners(11, -11, 10)
True
>>> corners(11, 0, 10)
False

Although our logic is correct, this expression is only correct if the Python interpreter evaluates the and operator before it evaluates the or operator. Otherwise, if the or operator is evaluated first, then the first expression evaluated will be y > d or x < -d, shown in red below, which is not what we intended.
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Table 5.2 Operator precedence, listed from highest to lowest. This is an expanded version of Table 2.1.



x > d and y > d or x < -d and y > d or x < -d and y < -d or x > d and y < -d

Therefore, understanding the order in which operators are evaluated, known as operator precedence, becomes important for more complex conditions such as this. In this case, the expression is correct because and has precedence over or, as illustrated in Table 5.2. Also notice from Table 5.2 that the comparison operators have precedence over the Boolean operators, which is also necessary for our expression to be correct. If in doubt, you can use parentheses to explicitly specify the intended order. Parentheses would be warranted here in any case, to make the expression more understandable:

>>> def corners(x, y, d):
        return (x > d and y > d) or (x < -d and y > d) or \
               (x < -d and y < -d) or (x > d and y < -d)

Now let’s consider an alternative way to think about the corner condition: for a point to be in one of the corners, it must be true that x must either exceed d or be less than -d and y must either exceed d or be less than -d. The equivalent Boolean expression is enclosed in the following function.

>>> def corners2(x, y, d):
        return x > d or x < -d and y > d or y < -d
>>> corners2(11, -11, 10)
True
>>> corners2(11, 0, 10)
True


Reflection 5.20 The second call to corners2 gives an incorrect result. Do you see the problem? (You might want to draw a picture.)



Due to the operator precedence order, this is a situation where parentheses are required. Without parentheses, the and expression in red below is evaluated first, which is not our intention.

x > d or x < -d and y > d or y < -d

So the correct implementation is

>>> def corners2(x, y, d):
        return (x > d or x < -d) and (y > d or y < -d)
>>> corners2(11, -11, 10)
True
>>> corners2(11, 0, 10)
False



*Using truth tables


Reflection 5.21 How can we confirm that this expression is really correct?



To confirm that any Boolean expression is correct, we must create a truth table for it, and then confirm that every case matches what we intended. In this expression, there are four separate Boolean “inputs,” one for each expression containing a comparison operator. In the truth table, we will represent each of these with a letter to save space:


	x > d will be represented by p,


	x < -d will be represented by q,


	y > d will be represented by r, and


	y < -d will be represented by s.




So the final expression we are evaluating is (p or q) and (r or s).

In the truth table below, the first four columns represent our four inputs. With four inputs, we need 24 = 16 rows, one for each possible assignment of truth values to the inputs. There is a trick to quickly writing down all the truth value combinations; see if you can spot it in the first four columns. (We are using T and F as abbreviations for True and False. The extra horizontal lines are simply to improve readability.)
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To fill in the fifth column, we only need to look at the first and second columns. Since this is an or expression, for each row in the fifth column, we enter a T if there is at least one T among the first and second columns of that row, or a F otherwise. Similarly, to fill in the sixth column, we only look at the third and fourth column. To fill in the last column, we look at the two previous columns, filling in a T in each row in which the fifth and sixth columns are both T, or a F otherwise.

To confirm that our expression is correct, we need to confirm that the truth value in each row of the last column is correct with respect to that row’s input values. For example, let’s look at the fifth, sixth, and eighth rows of the truth table (in red).

In the fifth row, the last column indicates that the expression is False. Therefore, it should be the case that a point described by the truth values in the first four columns of that row is not in one of the four corners. Those truth values say that x > d is false, x < -d is true, y > d is false, and y < -d is false; in other words, x is less than -d and y is between -d and d. A point within these bounds is not in any of the corners, so that row is correct.

Now let’s look at the sixth row, where the final expression is true. The first columns of that row indicate that x > d is false, x < -d is true, y > d is false, and y < -d is true; in other words, both x and y are less than -d. A point within these bounds is in the bottom left corner, so that row is also correct.

The eighth row is curious because it states that both y > d and y < -d are true. But this is, of course, impossible. Because of this, we say that the implied statement is vacuously true. In practice, we cannot have such a point, so that row is entirely irrelevant. There are seven such rows in the table, leaving only four other rows that are true, matching the four corners.



Many happy returns

We often come across situations in which we want an algorithm (i.e., a function) to return different values depending on the outcome of a condition. The simplest example is finding the maximum of two numbers a and b. If a is at least as large as b, we want to return a; otherwise, b must be larger, so we return b.

def max(a, b):
    """Returns the maximum of a and b.
 
    Parameters:
        a, b: two numbers
 
    Return value: the maximum value
    """
 
    if a >= b:
        result = a
    else:
        result = b
    return result

We can simplify this function a bit by returning the appropriate value right in the if/else statement:

def max(a, b):
    """ (docstring omitted)"""
 
    if a >= b:
        return a
    else:
        return b

It may look strange at first to see two return statements in one function, but it all makes perfect sense. Recall from Section 3.5 that return both ends the function and assigns the function’s return value. So this means that at most one return statement can ever be executed in a function. In this case, if a >= b is true, the function ends and returns the value of a. Otherwise, the function executes the else clause, which returns the value of b.

The fact that the function ends if a >= b is true means that we can simplify it even further: if execution continues past the if part of the if/else, it must be the case that a >= b is false. So the else is extraneous; the function can be simplified to:

def max(a, b):
    """ (docstring omitted)"""
 
     if a >= b:
         return a
     return b

This same principle can be applied to situations with more than two cases. Suppose we wrote a function to convert a percentage grade to a grade point (i.e., GPA) on a 0–4 scale. A natural implementation of this might look like the following:

def assignGP(score):
    """Returns the grade point equivalent of score.
 
     Parameter:
         score: a score between 0 and 100
 
     Return value: the equivalent grade point value
     """
 
     if score >= 90:
         return 4
     elif score >= 80:
         return 3
     elif score >= 70:
         return 2
     elif score >= 60:
         return 1
     else:
         return 0


Reflection 5.22 Why do we not need to check upper bounds on the scores in each case? In other words, why does the second condition not need to be score >= 80 and score < 90?



Suppose score was 92. In this case, the first condition is true, so the function returns the value 4 and ends. Execution never proceeds past the statement return 4. For this reason, the “el” in the next elif is extraneous. In other words, because execution would never have made it there if the previous condition was true, there is no need to tell the interpreter to skip testing this condition if the previous condition was true.

Now suppose score was 82. In this case, the first condition would be false, so we continue on to the first elif condition. Because we got to this point, we already know that score < 90 (hence the omission of that check). The first elif condition is true, so we immediately return the value 3. Since the function has now completed, there is no need for the “el” in the second elif either. In other words, because execution would never have made it to the second elif if either of the previous conditions were true, there is no need to skip testing this condition if a previous condition was true. In fact, we can remove the “el”s from all of the elifs, and the final else, with no loss in efficiency at all.

def assignGP(score):
    """ (docstring omitted) """
 
      if score >= 90:
          return 4
      if score >= 80:
          return 3
      if score >= 70:
          return 2
      if score >= 60:
          return 1
      return 0

Some programmers find it clearer to leave the elif statements in, and that is fine too. We will do it both ways in the coming chapters. But, as you begin to see more algorithms, you will probably see code like this, and so it is important to understand why it is correct.



Exercises

5.4.1. Write a function

password()

that asks for a username and a password. It should return True if the username is entered as alan.turing and the password is entered as notTouring, and return False otherwise.

5.4.2. Suppose that in a game that you are making, the player wins if her score is at least 100. Write a function

hasWon(score)

that returns True if she has won, and False otherwise.

5.4.3. Suppose you have designed a sensor that people can wear to monitor their health. One task of this sensor will be to monitor body temperature: if it falls outside the range 97.9° F to 99.3° F, the person may be getting sick. Write a function

monitor(temperature)

that takes a temperature (in Fahrenheit) as a parameter, and returns True if temperature falls in the healthy range and False otherwise.

5.4.4. Write a function

winner(score1, score2)

that returns 1 or 2, indicating whether the winner of a game is Player 1 or Player 2. The higher score wins and you can assume that there are no ties.

5.4.5. Repeat the previous exercise, but now assume that ties are possible. Return 0 to indicate a tie.

5.4.6. Your firm is looking to buy computers from a distributor for $1500 per machine. The distributor will give you a 5% discount if you purchase more than 20 computers. Write a function

cost(quantity)

that takes as a parameter the quantity of computers you wish to buy, and returns the cost of buying them from this distributor.

5.4.7. Repeat the previous exercise, but now add three additional parameters: the cost per machine, the number of computers necessary to get a discount, and the discount.

5.4.8. The speeding ticket fine in a nearby town is $50 plus $5 for each mph over the posted speed limit. In addition, there is an extra penalty of $200 for all speeds above 90 mph. Write a function

fine(speedLimit, clockedSpeed)

that returns the fine amount (or 0 if clockedSpeed ≤ speedLimit).

5.4.9. Write a function

gradeRemark()

that prompts for a grade, and then returns the corresponding remark (as a string) from the table below:
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CHAPTER 6

Text, documents, and DNA


So, here’s what I can say: the Library of Congress has more than 3 petabytes of digital collections. What else I can say with all certainty is that by the time you read this, all the numbers — counts and amount of storage — will have changed.

Leslie Johnston, former Chief of Repository Development, Library of Congress
Blog post (2012)

The roughly 2000 sequencing instruments in labs and hospitals around the world can collectively sequence 15 quadrillion nucleotides per year, which equals about 15 petabytes of compressed genetic data. A petabyte is 250 bytes, or in round numbers, 1000 terabytes. To put this into perspective, if you were to write this data onto standard DVDs, the resulting stack would be more than 2 miles tall. And with sequencing capacity increasing at a rate of around three- to fivefold per year, next year the stack would be around 6 to 10 miles tall. At this rate, within the next five years the stack of DVDs could reach higher than the orbit of the International Space Station.

Michael C. Schatz and Ben Langmead
The DNA Data Deluge (2013)



NEW technologies are producing data at an incredible rate, sometimes faster than it can be stored and analyzed. By some accounts, Google plans to have scanned every book in existence by the end of this decade. Sequencing of the approximately three billion base pairs of the human genome took 10 years when first published in 2000, but can now be done in less than a week. Social scientists currently have at their disposal a steady stream of data from online social networks. Analyses of data of these magnitudes, most of which is stored as text, requires computational tools. In this chapter, we will discuss the fundamental algorithmic techniques for developing these tools. We will look at how text is represented in a computer, how to read text from both files and the web, and develop algorithms to process and analyze textual data.


6.1 COUNTING WORDS

As we have already seen, we can store text as a sequence of characters called a string. A string constant (also called a string literal), such as 'You got it!', is enclosed in either single quotes (') or double quotes ("). We have also seen that string values can be assigned to variable names, passed as parameters, and compared to each other just like numbers, as illustrated in the following silly functions.

def roar(n):
    return 'r' + ('o' * n) + ('a' * n) + 'r!'
 
def speak(animal):
    if animal == 'cat':
        word = 'meow.'
    elif animal == 'dog':
        word = 'woof.'
    else:
        word = roar(10)
 
     print('The', animal, 'says', word)
 
speak('monkey')


Reflection 6.1 What is printed by the code above? Make sure you understand why.



Like a Turtle, a string is an object, an instance of a class named str. As such, a string is also another example of an abstract data type. Recall that an abstract data type hides the implementation details of how its data is stored, allowing a programmer to interact with it through a set of functions called methods. As we will discuss in Section 6.3, strings are actually stored as binary sequences, yet we can interact with them in a very natural way.

There are several methods available for strings.1 For example, the upper() method returns a new string with all the lower case characters in the old string capitalized. For example,

>>> pirate = 'Longbeard'
>>> newName = pirate.upper()
>>> newName
'LONGBEARD'

Remember that, when using methods, the name of the object, in this case the string object named pirate, precedes the name of the method.

Smaller strings contained within larger strings are called substrings. We can use the operators in and not in to test whether a string contains a particular substring. For example, the conditions in each of the following if statements are true.

>>> if 'bear' in pirate:
...     print('There is a bear in Longbeard.')
...
There is a bear in Longbeard.
>>> if 'beer' not in pirate:
...     print('There is no beer in Longbeard.')
...
There is no beer in Longbeard.

Two particularly useful methods that deal with substrings are replace and count. The replace method returns a new string with all occurrences of one substring replaced with another substring. For example,

>>> newName = pirate.replace('Long', 'Short')
>>> newName
'Shortbeard'
>>> quote = 'Yo-ho-ho, and a bottle of rum!'
>>> quote2 = quote.replace(' ', '')
>>> quote2
'Yo-ho-ho,andabottleofrum!'

The second example uses the replace method to delete spaces from a string. The second parameter to replace, quotes with nothing in between, is called the empty string, and is a perfectly legal string containing zero characters.


Reflection 6.2 Write a statement to replace all occurrences of brb in a text with be right back.



>>> txt = 'Hold on brb'
>>> txt.replace('brb', 'be right back')
'Hold on be right back'

The count method returns the number of occurrences of a substring in a string. For example,

>>> pirate.count('ear')
1
>>> pirate.count('eye')
0

We can count the number of words in a text by counting the number of “whitespace” characters, since almost every word must be followed by a space of some kind. Whitespace characters are spaces, tabs, and newline characters, which are the hidden characters that mark the end of a line of text. Tab and newline characters are examples of non-printable control characters. A tab character is denoted by the two characters \t and a newline character is denoted by the two characters \n. The wordCount1 function below uses the count method to return the number of whitespace characters in a string named text.

def wordCount1(text):
    """Approximate the number of words in a string by counting
       the number of spaces, tabs, and newlines.
 
    Parameter:
        text: a string object
 
    Return value: the number of spaces, tabs and newlines in text
    """
 
    return text.count(' ') + text.count('\t') + text.count('\n')
 
def main():
    shortText = 'This⌴is⌴not⌴long. ⌴⌴But⌴it⌴will⌴do. ⌴\n' + \
                'All⌴we⌴need⌴is⌴a⌴few⌴sentences.'
    wc = wordCount1(shortText)
    print(wc)
 
main()

In the string shortText above, we explicitly show the space characters (⌴) and break it into two parts because it does not fit on one line.


Reflection 6.3 In a Python shell, try entering



print('Two tabs\t\there.    Two newlines\n\nhere.')

to see the effects of the \t and \n characters.


Reflection 6.4 What answer does the wordCount1 function give in the example above? Is this the correct answer? If not, why not?



The wordCount1 function returns 16, but there are actually only 15 words in shortText. We did not get the correct answer because there are two spaces after the first period, a space and newline character after the second period, and nothing after the last period. How can we fix this? If we knew that the text contained no newline characters, and was perfectly formatted with one space between words, two spaces between sentences, and no space at the end, then we could correct the above computation by subtracting the number of instances of two spaces in the text and adding one for the last word:

def wordCount2(text):
    """ (docstring omitted) """
 
    return text.count(' ') - text.count('     ') + 1

But most text is not perfectly formatted, so we need a more sophisticated approach.


Reflection 6.5 If you were faced with a long text, and could only examine one character at a time, what algorithm would you use to count the number of words?



As a starting point, let’s think about how the count method must work. To count the number of instances of some character in a string, the count method must examine each character in the string, and increment an accumulator variable for each one that matches.

To replicate this behavior, we can iterate over a string with a for loop, just as we have iterated over ranges of integers. For example, the following for loop iterates over the characters in the string shortText. Insert this loop into the main function above to see what it does.

for character in shortText:
    print(character)

In this loop, each character in the string is assigned to the index variable character in order. To illustrate this, we have the body of the loop simply print the character assigned to the index variable. Given the value assigned to shortText in the main function above, this loop will print

T
h
i
⋮     (middle omitted)
e
s
.

To count whitespace characters, we can use the same loop but, in the body of the loop, we need to increment a counter each time the value of character is equal to a whitespace character:

def wordCount3(text):
    """ (docstring omitted) """
 
    count = 0
    for character in text:
        if character == ' ' or character == '\t' or character == '\n':
            count = count + 1
    return count


Reflection 6.6 What happens if we replace the or operators with and operators?



Alternatively, this if condition can be simplified with the in operator:

if character in ' \t\n':


Reflection 6.7 What answer does the wordCount3 function give when it is called with the parameter shortText that we defined above?



When we call this function with shortText, we get the same answer that we did with wordCount1 (16) because we have simply replicated that function’s behavior.


Reflection 6.8 Now that we have a baseline word count function, how can we make it more accurate on text with extra spaces?



To improve upon wordCount3, we need to count only the first whitespace or newline character in any sequence of such characters.


Reflection 6.9 If the value of character is a space, tab, or newline, how can we tell if it is the first in a sequence of such characters? (Hint: if it is the first, what must the previous character not be?)



If the value of character is a whitespace or newline character, we know it is the first in a sequence if the previous character was not one of these characters. So we need to also keep track of the previous character and check its value in the if statement. If we use a variable named prevCharacter to store this value, we would need to change the if statement to

if character in ' \t\n' and prevCharacter not in ' \t\n':
    count = count + 1


Reflection 6.10 Where should we assign prevCharacter a value?



We need to assign the current value of character to prevCharacter at the end of each iteration because this current value of character will be the previous character during the next iteration. With these pieces added, our revised wordCount4 looks like this:

def wordCount4(text):
    """ (docstring omitted) """
 
    count = 0
    prevCharacter = ' '
    for character in text:
        if character in ' \t\n' and prevCharacter not in ' \t\n':
            count = count + 1
        prevCharacter = character
    return count

The one remaining piece, included above, is to initialize prevCharacter to something before the loop so that the if condition makes sense in the first iteration.


Reflection 6.11 What happens if we do not initialize prevCharacter before the loop? Why did we initialize prevCharacter to a space? Does its initial value matter?



Let’s consider two possibilities for the first character in text: either it is a whitespace character, or it is not. If the first character in text is not a whitespace or newline character (as would normally be the case), then the first part of the if condition (character in ' \t\n') will be false. Therefore, the initial value of prevCharacter does not matter. On the other hand, if the first value assigned to character is a whitespace or newline character, then the first part of the if condition will be true. But we want to make sure that this character does not count as ending a word. Setting prevCharacter to a space initially will ensure that the second part of the if condition (prevCharacter not in ' \t\n') is initially false, and prevent count from being incremented.


Reflection 6.12 Are there any other values that would work for the initial value of prevCharacter?



Finally, we need to deal with the situation in which the text does not end with a whitespace character. In this case, the final word would not have been counted, so we need to increment count by one.


Reflection 6.13 How can we tell if the last character in text is a whitespace or newline character?



Since prevCharacter will be assigned the last character in text after the loop completes, we can check its value after the loop. If it is a whitespace character, then the last word has already been counted; otherwise, we need to increment count. So the final function looks like this:

def wordCount5(text):
    """Count the number of words in a string.
 
    Parameter:
        text: a string object
 
    Return value: the number of words in text
    """
 
    count = 0
    prevCharacter = ' '
    for character in text:
        if character in ' \t\n' and prevCharacter not in ' \t\n':
            count = count + 1
        prevCharacter = character
    if prevCharacter not in ' \t\n':
        count = count + 1
    return count

Although our examples have used short strings, our function will work on any size string we want. In the next section, we will see how to read an entire text file or web page into a string, and then use our word count function, unchanged, to count the words in the file. In later sections, we will design similar algorithms to carry out more sophisticated analyses of text files containing entire books and long sequences of DNA.


Exercises

6.1.1. Write a function

twice(text)

that returns the string text repeated twice, with a space in between. For example, twice('bah') should return the string 'bah bah'.

6.1.2. Write a function

repeat(text, n)

that returns a string that is n copies of the string text. For example, repeat('AB', 3) should return the string 'ABABAB'.

6.1.3. Write a function

vowels(word)

that uses the count method to return the number of vowels in the string word. (Note that word may contain upper and lower case letters.)

6.1.4. Write a function

nospaces(sentence)

that uses the replace string method to return a version of the string sentence in which all the spaces have been replaced by the underscore (_) character.

6.1.5. Write a function

txtHelp(txt)

that returns an expanded version of the string txt, which may contain texting abbreviations like “brb” and “lol.” Your function should expand at least four different texting abbreviations. For example, txtHelp('imo u r lol brb') might return the string 'in my opinion you are laugh out loud be right back'.

6.1.6. Write a function

letters(text)

that prints the characters of the string text, one per line. For example letters('abc') should print

a
b
c

6.1.7. Write a function

count(text, letter)

that returns the number of occurrences of the one-character string named letter in the string text, without using the count method. (Use a for loop instead.)

6.1.8. Write a function

vowels(word)

that returns the same result as Exercise 6.1.3 without using the count method. (Use a for loop instead.)

6.1.9. Write a function

sentences(text)

that returns the number of sentences in the string text. A sentence may end with a period, question mark, or exclamation point. It may also end with multiple punctuation marks, such as '!!!' or '?!'.

6.1.10. Write a function

nospaces(sentence)

that returns the same result as Exercise 6.1.4 without using the replace method. (Hint: use a for loop and the string concatenation operator (+) inside the loop to build up a new string. We will see more examples like this in Section 6.3.)

6.1.11. When bits are sent across a network, they are sometimes corrupted by interference or errors. Adding some redundant bits to the end of the transmission can help to detect these errors. The simplest error detection algorithm is known as parity checking. A bit string has even parity if it has an even number of ones, and odd parity otherwise. In an even parity scheme, the sender adds a single bit to the end of the bit string so that the final bit string has an even number of ones. For example, if we wished to send the data 1101011, would actually send 11010111 instead so that the bit string has an even number of ones. If we wished to send 1101001 instead, we would actually send 11010010. The receiver then checks whether the received bit string has even parity; if it does not, then an error must have occurred so it requests a retransmission.

(a) Parity can only detect very simple errors. Give an example of an error that cannot be detected by an even parity scheme.

(b) Propose a solution that would detect the example error you gave above.

(c) In the next two problems, we will pretend that bits are sent as strings (they are not; this would be terribly inefficient). Write a function

evenParity(bits)

that uses the count method to return True if the string bits has even parity and False otherwise. For example, evenParity('110101') should return True and evenParity('110001') should return False.

(d) Now write the evenParity function without using the count method.

(e) Write a function

makeEvenParity(bits)

that returns a string consisting of bits with one additional bit concatenated so that the returned string has even parity. Your function should call your evenParity function. For example, makeEvenParity('110101') should return '1101010' and makeEvenParity('110001') should return '1100011'.




6.2 TEXT DOCUMENTS

In real applications, we read text from files stored on a hard drive or a flash drive. Like everything else in a computer system, files are sequences of bits. But we interact with files as abstractions, electronic documents containing information such as text, spreadsheets, or images. These abstractions are mediated by a part of the operating system called a file system. The file system organizes files in folders in a hierarchical fashion, such as in the simplified view of a Mac OS X file system in Figure 6.1. Hierarchical structures like this are called trees. The top of the tree is called the root and branches are called children. Elements of the tree with no children are called leaves. In a file system, a folder can have children, consisting of files or other folders residing inside it, whereas files are always leaves.

Below the root in this figure is a folder named Users where every user of the computer has a home folder labeled with his or her name, say george. In the picture above, this home folder contains two subfolders named CS 111 and HIST 216. We can represent the location of a file with the path one must follow to get there from the root. For example, the path to the file dna.py is /Users/george/CS 111/dna.py. The initial slash character represents the root, whereas the others simply divide layers. Any path without the first slash character is considered to be a relative path, relative to the current working directory set by the operating system. For example, if the current working directory were /Users/george, then dna.py could be specified with the relative path CS 111/dna.py.


Reading from text files

In Python, a file is represented by an abstraction called a file object. We associate a file with a file object by using the open function, which takes a file name or a path as an argument and returns a file object. For example, the following statement associates the file object named inputFile with the file named mobydick.txt in the current working directory.2

inputFile = open('mobydick.txt', 'r')

The second argument to open is the mode to use when working with the file; 'r' means that we want to read from the file. By default, every file is assumed to contain text.


[image: ]

Figure 6.1 A Finder window in Mac OS X and the partial corresponding tree representation. Ovals represent folders and rectangles represent files.



The read method of a file object reads the entire contents of a file into a string. For example, the following statement would read the entire text from the file into a string assigned to the variable named text.

text = inputFile.read()

When we are finished with a file, it is important that we close it. Closing a file signals to the operating system that we are done using it, and ensures that any memory allocated to the file by the program is released. To close a file, we simply use the file object’s close method:

inputFile.close()

Let’s look at an example that puts all of this together. The following function reads in a file with the given file name and returns the number of words in the file using our wordCount5 function.

def wcFile(fileName):
    """Return the number of words in the file with the given name.
 
    Parameter:
        fileName: the name of a text file
 
    Return value: the number of words in the file
    """
 
    textFile = open(fileName, 'r', encoding = 'utf-8')
    text = textFile.read()
    textFile.close()
 
    return wordCount5(text)

The optional encoding parameter to the open function indicates how the bits in the file should be interpreted (we will discuss what UTF-8 is in Section 6.3).


Reflection 6.14 How many words are there in the file mobydick.txt?



Now suppose we want to print a text file, formatted with line numbers to the left of each line. A “line” is defined to be a sequence of characters that end with a newline ('\n') character. Since we need to print a line number to the left of every line, this problem would be much more easily solved if we could read in a file one line at a time. Fortunately, we can. In the same way that we can iterate over a range of integers or the characters of a string, we can iterate over the lines in a file. When we use a file object as the sequence in a for loop, the index variable is assigned a string containing each line in the file, one line per iteration. For example, the following code prints each line in the file object named textFile:

for line in textFile:
    print(line)

In each iteration of this loop, the index variable named line is assigned the next line in the file, which is then printed in the body of the loop. We can easily extend this idea to our line-printing problem:

def lineNumbers(fileName):
    """Print the contents of the file with the given name
       with each line preceded by a line number.
 
     Parameter:
         fileName: the name of a text file
 
     Return value: None
     """
 
     textFile = open(fileName, 'r', encoding = 'utf-8')
     lineCount = 1
     for line in textFile:
         print('{0:<5} {1}'.format(lineCount, line[:-1]))
         lineCount = lineCount + 1
     textFile.close()

The lineNumbers function combines an accumulator with a for loop that reads the text file line by line. After the file is opened, the accumulator variable lineCount is initialized to one. Inside the loop, each line is printed using a format string that precedes the line with the current value of lineCount. At the end of the loop, the accumulator is incremented and the loop repeats.


Reflection 6.15 Why does the function print line[:-1] instead of line in each iteration? What happens if you replace line[:-1] with line?




Reflection 6.16 How would the output change if lineCount was instead incremented in the loop before calling print?




Reflection 6.17 How many lines are there in the file mobydick.txt?





Writing to text files

We can also create new files or write to existing ones. For example, instead of printing a file formatted with line numbers, we might want to create a new version of the file that includes line numbers. To write text to a new file, we first have to open it using 'w' (“write”) mode:

newTextFile = open('newfile.txt', 'w')

Opening a file in this way will create a new file named newfile.txt, if a file by that name does not exist, or overwrite the file by that name if it does exist. (So be careful!) To append to the end of an existing file, use the 'a' (“append”) mode instead. Once the file is open, we can write text to it using the write method:

newTextFile.write('Hello.\n')

The write method does not write a newline character at the end of the string by default, so we have to include one explicitly, if one is desired.

The following function illustrates how we can modify the lineNumbers function so that it writes the file with line numbers directly to another file instead of printing it.

def lineNumbersFile(fileName, newFileName):
    """Write the contents of the file fileName to the file
       newFileName, with each line preceded by a line number.
 
    Parameters:
        fileName: the name of a text file
        newFileName: the name of the output text file
 
    Return value: None
    """
 
    textFile = open(fileName, 'r', encoding = 'utf-8')
    newTextFile = open(newFileName, 'w')
    lineCount = 1
    for line in textFile:
        newTextFile.write('{0:<5} {1}\n'.format(lineCount, line[:-1]))
        lineCount = lineCount + 1
    textFile.close()
    newTextFile.close()

Remember to always close the new file when you are done. Closing a file to which we have written ensures that the changes have actually been written to the drive. To improve efficiency, an operating system does not necessarily write text out to the drive immediately. Instead, it usually waits until a sufficient amount builds up, and then writes it all at once. Therefore, if you forget to close a file and your computer crashes, your program’s last writes may not have actually been written. (This is one reason why we sometimes have trouble with corrupted files after a computer crash.)



Reading from the web

The ability to read files allows us to conveniently apply the functions that we have already developed to real data that we download from the web. It would be even more convenient, however, if we could read some data directly from the web rather than having to manually download it and then read it with our program. Conveniently, we can do that in Python too.

The urllib.request module contains a function named urlopen that returns a file object abstraction for a web page that is similar to the one returned by the open function. The urlopen function takes as a parameter the address of the web page we wish to access. A web page address is formally known as a URL, short for Uniform Resource Locator, and normally begins with the prefix http:// (“http” is short for “hypertext transfer protocol”). For example, to open the main web page at python.org, we can do the following:

>>> import urllib.request as web
>>> webpage = web.urlopen('http://python.org')

Once we have the file object, we can read from it just as we did earlier.

>>> text = webpage.read()
>>> webpage.close()

Behind the scenes, the Python interpreter communicates with a web server over the Internet to read this web page. But thanks to the magic of abstraction, we did not have to worry about any of those details.

Because the urlopen function does not accept an encoding parameter, the read function cannot tell how the text of the web page is encoded. Therefore, read returns a bytes object instead of a string. A bytes object contains a sequence of raw bytes that are not interpreted in any particular way. To convert the bytes object to a string before we print it, we can use the decode method, as follows:

>>> print(text.decode('utf-8'))
<!doctype html>
  .
  .
  .

(Again, we will see what UTF-8 is in Section 6.3.) What you see when you print text is HTML (short for hypertext markup language) code for the python.org home page. HTML is the language in which most web pages are written.

We can download data files from the web in the same way if we know the correct URL. For example, the U.S. Food and Drug Administration (FDA) lists recalls of products that it regulates at http://www.fda.gov/Safety/Recalls/default.htm. The raw data behind this list is also available, so we can write a program that reads and parses it to gather statistics about recalls over time. Let’s first take a look at what the data looks like. Because the file is quite long, we will initially print only the first twenty lines by calling the readline method, which just reads a single line into a string, in a for loop:

>>> url = 'http://www.fda.gov/DataSets/Recalls/RecallsDataSet.xml'
>>> webpage = web.urlopen(url)
>>> for i in range(20):
...     line = webpage.readline()
...     print(line.decode('utf-8'))
...

This loop prints something like the following.

<?xml version="1.0" encoding="UTF-8" ?>
 
<RECALLS_DATA>
<PRODUCT>
   <DATE>Mon, 11 Aug 2014 00:00:00 -0400</DATE>
   <BRAND_NAME><![CDATA[Good Food]]></BRAND_NAME>
   <PRODUCT_DESCRIPTION><![CDATA[Carob powder]]></PRODUCT_DESCRIPTION>
   <REASON><![CDATA[Salmonella]]></REASON>
   <COMPANY><![CDATA[Goodfood Inc.]]></COMPANY>
   <COMPANY_RELEASE_LINK>http://www.fda.gov/Safety/Recalls/ucm40969.htm
       </COMPANY_RELEASE_LINK>
   <PHOTOS_LINK></PHOTOS_LINK>
</PRODUCT>
  .
  .
  .
</RECALLS_DATA>

This file is in a common format called XML (short for extensible markup language). In XML, data elements are enclosed in matching pairs of tags. In this file, each product recall is enclosed in a pair of <PRODUCT> … </PRODUCT> tags. Within that element are other elements enclosed in matching tags that give detailed information about the product.


Reflection 6.18 Look at the (fictitious) example product above enclosed in the <PRODUCT> … </PRODUCT> tags. What company made the product? What is the product called? Why was it recalled? When was it recalled?



Before we can do anything useful with the data in this file, we need to be able to identify individual product recall descriptions. Notice that the file begins with a header line that describes the version of XML and the text encoding. Following some blank lines, we next notice that all of the recalls are enclosed in a matching pair of <RECALLS_DATA> … </RECALLS_DATA> tags. So to get to the first product, we need to read until we find the <RECALLS_DATA> tag. We can do this with a while loop:

url = 'http://www.fda.gov/DataSets/Recalls/RecallsDataSet.xml'
webpage = web.urlopen(url)
 
line = ''
while line[:14] != '<RECALLS_DATA>':
    line = webpage.readline()
    line = line.decode('utf-8')

Implicit in the file object abstraction is a file pointer that keeps track of the position of the next character to be read. So this while loop helpfully moves the file pointer to the beginning of the line after the <RECALLS_DATA> tag.


Reflection 6.19 Why do we have to initialize line before the loop?




Reflection 6.20 Why will line != '<RECALLS_DATA>' not work as the condition in the while loop? (What control character is “hiding” at the end of that line?)



To illustrate how we can identify a product element, let’s write an algorithm to print just the first one. We can then put this code into a loop to print all of the product elements, or modify the code to do something more interesting with the data. Assuming that the file pointer is now pointing to the beginning of a <PRODUCT> tag, we want to print lines until we find the matching </PRODUCT> tag. This can be accomplished with another while loop:

line = webpage.readline()             # read the <PRODUCT> line
line = line.decode('utf-8')
while line[:10] != '</PRODUCT>':      # while we don't see </PRODUCT>
    print(line.rstrip())              # print the line
    line = webpage.readline()         # read the next line
    line = line.decode('utf-8')
print(line.rstrip())                  # print the </PRODUCT> line

The two statements before the while loop read and decode one line of XML data, so that the condition in the while loop makes sense when it is first tested. The while loop then iterates while we have not read the </PRODUCT> tag that marks the end of the product element. Inside the loop, we print the line and then read the next line of data. Since the loop body is not executed when line[:10] == '</PRODUCT>', we add another call to the print function after the loop to print the closing tag.


Reflection 6.21 Why do we call line.rstrip() before printing each line? (What happens if we omit the call to rstrip?)




Reflection 6.22 What would happen if we did not call readline inside the loop?



Finally, let’s put this loop inside another loop to print and count all of the product elements. We saw earlier that the product elements are enclosed within <RECALLS_DATA> … </RECALLS_DATA> tags. Therefore, we want to print product elements while we do not see the closing </RECALLS_DATA> tag.

def printProducts():
    """Print the products on the FDA recall list.
 
     Parameters: none
 
     Return value: None
     """
 
     url = 'http://www.fda.gov/DataSets/Recalls/RecallsDataSet.xml'
     webpage = web.urlopen(url)
 
     line = ''

     while line[:14] != '<RECALLS_DATA>':   # read past headers
         line = webpage.readline()
         line = line.decode('utf-8')

     productNum = 1
     line = webpage.readline()              # read first <PRODUCT> line
     line = line.decode('utf-8')
     while line[:15] != '</RECALLS_DATA>':  # while more products
         print(productNum)
         while line[:10] != '</PRODUCT>':   # print one product element
             print(line.rstrip())
             line = webpage.readline()
             line = line.decode('utf-8')
         print(line.rstrip())
         productNum = productNum + 1
         line = webpage.readline()          # read next <PRODUCT> line
         line = line.decode('utf-8')
 
     webpage.close()


The new while loop and the new statements that manage the accumulator to count the products are marked in red. A loop within a loop, often called a nested loop, can look complicated, but it helps to think of the previously written inner while loop (the five black statements in the middle) as a functional abstraction that prints one product. The outer loop repeats this segment while we do not see the final </RECALLS_DATA> tag. The condition of the outer loop is initialized by reading the first <PRODUCT> line before the loop, and the loop moves toward the condition becoming false by reading the next <PRODUCT> (or </RECALLS_DATA>) line at the end of the loop.

Although our function only prints the product information, it provides a framework in which to do more interesting things with the data. Exercise 6.5.7 in Section 6.5 asks you to use this framework to compile the number of products recalled for a particular reason in a particular year.



Exercises

6.2.1. Modify the lineNumbers function so that it only prints a line number on every tenth line (for lines 1, 11, 21, ...).

6.2.2. Write a function

wcWeb(url)

that reads a text file from the web at the given URL and returns the number of words in the file using the final wordCount5 function from Section 6.1. You can test your function on books from Project Gutenberg at http://www.gutenberg.org. For any book, choose the “Plain Text UTF-8” or ASCII version. In either case, the file should end with a .txt file extension. For example,

wcWeb('http://www.gutenberg.org/cache/epub/98/pg98.txt')

should return the number of words in A Tale of Two Cities by Charles Dickens. You can also access a mirrored copy of A Tale of Two Cities from the book web site at

http://discovercs.denison.edu/chapter6/ataleoftwocities.txt

6.2.3. Write a function

wcLines(fileName)

that uses wordCount5 function from Section 6.1 to print the number of words in each line of the file with the given file name.

6.2.4. Write a function

pigLatinDict(fileName)

that prints the Pig Latin equivalent of every word in the dictionary file with the given file name. (See Exercise 6.3.3.) Assume there is exactly one word on each line of the file. Start by testing your function on small files that you create. An actual dictionary file can be found on most Mac OS X and Linux computers at /usr/share/dict/words. There is also a dictionary file available on the book web site.

6.2.5. Repeat the previous exercise, but have your function write the results to a new file instead, one Pig Latin word per line. Add a second parameter for the name of the new file.

6.2.6. Write a function

strip(fileName, newFileName)

that creates a new version of the file with the given fileName in which all whitespace characters (' ', '\n', and '\t') have been removed. The second parameter is the name of the new file.




6.3 ENCODING STRINGS

Because everything in a computer is stored in binary, strings must be also. Although it is not necessary to understand every detail of their implementation at this point, some insight is very helpful.


Indexing and slicing

A string is a sequence of characters that are stored in contiguous memory cells. We can conveniently illustrate the situation in this way:

[image: ]

A reference to the entire string of nine characters is assigned to the name pirate. Each character in the string is identified by an index that indicates its position. Indices always start at 0. We can access a character directly by referring to its index in square brackets following the name of the string. For example,

>>> pirate = 'Longbeard'
>>> pirate[0]
'L'
>>> pirate[2]
'n'

Notice that each character is itself represented as a single-character string in quotes. As indicated in the figure above, we can also use negative indexing, which starts from the end of the string. For example, in the figure, pirate[2] and pirate[-7] refer to the same character.


Reflection 6.23 Using negative indexing, how can we always access the last character in a string, regardless of its length?



The length of a string is returned by the len function:

>>> len(pirate)
9
>>> pirate[len(pirate) - 1]
'd'
>>> pirate[-1]
'd'
>>> pirate[len(pirate)]
IndexError: string index out of range


Reflection 6.24 Why does the last statement above result in an error?



Notice that len is not a method and that it returns the number of characters in the string, not the index of the last character. The positive index of the last character in a string is always the length of the string minus one. As shown above, referring to an index that does not exist will give an index error.

If we need to find the index of a particular character or substring in a string, we can use the find method. But the find method only returns the position of the first occurrence. For example,

>>>   pirate2 = 'Willie Stargell'
>>> pirate2.find('gel')
11             
>>> pirate2.find('ll')
2              
>>> pirate2.find('jelly')
-1

In the last example, the substring 'jelly' was not found, so find returned −1.


Reflection 6.25 Why does −1 make sense as a return value that means “not found?”





Creating modified strings

Suppose, in the string assigned to pirate (still 'Longbeard'), we want to change the character at index 5 to an 'o'. It seems natural that we could use indexing and assignment to do this:

>>> pirate[5] = 'o'
TypeError: 'str' object does not support item assignment

However, in Python, we cannot do so. Strings are immutable, meaning they cannot be changed in place. Although this may seem like an arbitrary (and inconvenient) decision, there are good reasons for it. The primary one is efficiency of both space and time. The memory to store a string is allocated when the string is created. Later, the memory immediately after the string may be used to store some other values. If strings could be lengthened by adding more characters to the end, then, when this happens, a larger chunk of memory would need to be allocated, and the old string would need to be copied to the new space. The illustration below depicts what might need to happen if we were allowed to add an 's' to the end of pirate. In this example, the three variable names refer to three different adjacent chunks of a computer’s memory: answer refers to the value 42, pirate refers to the string 'Longbeard', and fish refers to the value 17.
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Since the value 17 is already stored immediately after 'Longbeard', we cannot make the string any longer. Instead, a larger chunk of memory must be allocated after 17. Then the old string would need to be copied there, and the 's' added. This is time consuming, and leaves an empty space in memory that may or may not be used in the future. Continuously adding characters would repeat this process.

Instead, to change a character (or group of characters) in a string, we must create a new string based on the original one. The easiest way is to use slicing. A slice is simply a substring of a string. For example, if pirate refers to the string 'Longbeard', then pirate[4:8] refers to the string 'bear'. The first index in the slice is the index of the first character in the slice and the second index is the position of the character just past the last character in the slice. This works just like the range function.

We often want a slice at the beginning or end of a string. In these cases, we can omit the first and/or last indices in the slice notation. For example,

>>> pirate[:4]
'Long'
>>> pirate[4:]
'beard'
>>> pirate[:]
'Longbeard'
>>> pirate[:-1]
'Longbear'

The second to last expression creates a copy of the string pirate. Since the index −1 refers to the index of the last character in the string, the last example gives us the slice that includes everything up to, but not including, the last character.


Reflection 6.26 How would you create a slice of pirate that contains all but the first character? How about a slice of pirate that evaluates to 'ear'?



Let’s now return to our original question: how can we change the 'e' in 'Longbeard' to an 'o'? To accomplish this with slicing, we need to assign the concatenation of three strings to pirate: the slice of pirate before the 'e', an 'o', and the slice of pirate after the 'e':

>>> pirate = pirate[:5] + 'o' + pirate[6:]
>>> pirate
'Longboard'

A more general technique for creating a copy, or a modified version, of a string is to iterate over it and, for each character, concatenate the character, or a modified version of it, to the end of a new string. The following function implements the simplest example of this idea.

def copy(text):
    """Return a copy of text.
 
    Parameter:
        text: a string object
 
    Return value: a copy of text
    """
 
    newText = ''
    for character in text:
        newText = newText + character
    return newText

This technique is really just another version of an accumulator, and is very similar to the list accumulators that we have been using for plotting. To illustrate how this works, suppose text was 'abcd'. The table below illustrates how each value changes in each iteration of the loop.
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CHAPTER 7

Designing programs


From then on, when anything went wrong with a computer, we said it had bugs in it.

Admiral Grace Hopper
upon pulling a two-inch moth from the Harvard Mark I computer in 1945

Every hour of planning saves about a day of wasted time and effort.

Steve McConnell
Software Project Survival Guide (1988)



IT should go without saying that we want our programs to be correct. That is, we want our algorithms to produce the correct output for every possible input, and we want our implementations to be faithful to the design of our algorithms. Unfortunately however, in practice, perfectly correct programs are virtually nonexistent. Due to their complexity, virtually every significant piece of software has errors, or “bugs” in it. But there are techniques that we can use to increase the likelihood that our functions and programs are correct. First, we can make sure that we thoroughly understand the problem we are trying to solve and spend quality time designing a solution, well before we start typing any code. Second, we can think carefully about the requirements on our inputs and function parameters, and enforce these requirements to head off problems down the road. And third, we can adopt a thorough testing strategy to make sure that our programs work correctly. In this chapter, we will introduce the basics of these three practices, and encourage you to follow them hereafter. Following these more methodical practices can actually save time in the long run by preventing errors and more easily discovering those that do creep into your programs.
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Figure 7.1 A simplified view of the problem solving process.




7.1 HOW TO SOLVE IT

Designing and implementing a computational solution to a problem is a multistep process requiring planning, reflection and revision, not unlike the writing process. This is especially true for large projects involving many people, for which there are established guidelines and formal processes, the primary concerns of a field called software engineering. In this book, we are working with relatively small problems, so less formality is necessary. However, it is still very important to develop good habits, represented by the process illustrated in Figure 7.1.

This process, and the title of this section, come from the book How to Solve It by mathematician George Polya [41]. Originally published in 1945, Polya’s problem solving framework has withstood the test of time. Polya outlined a four step process:


	Understand the problem. What is the unknown [output]? What are the data [inputs]? What is the condition [linking the input to the output]?


	Devise a plan to solve the problem.


	Carry out the plan, checking each step.


	Look back. Check the result. Can you derive the result differently?




These four steps, with some modifications, can be applied just as well to computational problem solving. In this section, we will outline these four steps, and illustrate the process with the following example problem.

Given a text, we would like to measure the distribution of a particular word by breaking the text into “windows” of some length and computing how many times the word appears in each window. The output will be a plot of these frequencies across all of the windows, as well as the average frequency per window.


Understand the problem

As we discussed in the first pages of this book, every useful computation solves a problem with an input and output. Therefore, the first step is to understand the inputs to the problem, the desired outputs, and the connections between them. In addition, we should ask whether there are any restrictions or special conditions relating to the inputs or outputs. If something is unclear, seek clarification right away; it is much better to do so immediately than to wait until you have spent a lot of time working on the wrong problem! It is a good idea at this point to re-explain the problem back to the poser, either orally or in writing. The feedback you get from this exercise might identify points of misunderstanding. You might include a picture, depending upon the type of problem. In addition, work out some examples by hand to make sure you understand all of the requirements and subtleties involved.

The inputs to our problem are a text, a word, and a window length. The outputs are a plot of the frequencies of the word in each window of the text and the average frequency across all of the windows.


Reflection 7.1 What more do we need to know about the input and output to better understand this problem?



Where should the text come from? Should we prompt for the word and window length? Should the windows overlap? What should the plot look like? Since we would like to be able to analyze large texts, let’s read the text in from a file. But we can prompt for the name of the file, the word and the window length. For simplicity, we will not have overlapping windows. Here is a sketch of the desired plot:
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Figure 7.2 A generic top-down design.



The windows over the text will be represented on the x-axis, perhaps by the starting index of each window. The y-axis will correspond to the number of times the word occurs in each window.



Design an algorithm

Once we think we understand the problem to be solved, the next step is to design an algorithm. An important part of this process is to identify smaller subproblems that can be solved individually, each with its own function. Once written, these functions can be used as functional abstractions to solve the overall problem. We saw an example of this in the flower-drawing program illustrated in Figure 3.7. This technique is called top-down design because it involves starting from the problem to be solved, and then breaking this problem into smaller pieces. Each of these pieces might also be broken down into yet smaller pieces, until we arrive at subproblems that are relatively straightforward to solve. A generic picture of a top-down design is shown in Figure 7.2. The generic program is broken into three main subproblems (i.e., functions). First, a function gets the input. Second, a function computes the output from the input. Third, another function displays the output. The dotted lines represent the flow of information through return values and parameters. The function that gets the input returns it to the main program, which then passes it into the function that computes the output. This function then returns the output to the main program, which passes it into the function that displays it. In Python, this generic program looks like the following:

def main():
    input = getInput()
    output = compute(input)
    displayOutput(output)

main()

Moving on from this generic structure, the next step is to break these three subproblems into smaller subproblems, as needed, depending on the particular problem. Identifying these subproblems/functions can be as much an art as a science, but here are a few guidelines to keep in mind:
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Figure 7.3 A top-down design for the word frequency problem.




	A subproblem/function should accomplish something relatively small, and make sense standing on its own.


	Functions should be written for subproblems that may be called upon frequently, perhaps with different arguments.


	A function should generally fit on a page or, in many cases, less.


	The main function should be short, generally serving only to set up the program and call other functions that carry out the work.




You may find that, during this process, new questions arise about the problem, sending you briefly back to step one. This is fine; it is better to discover this immediately and not later in the process. The problem solving process, like the writing process, is inherently cyclic and fluid, as illustrated in Figure 7.1.


Reflection 7.2 What steps should an algorithm follow to solve our problem?



First, we can specialize the generic design by specifying what each of the three main subproblems should do.


	Get inputs: prompt for a file name, a word, and a window length. Read the text from the file.


	Compute: a list of word frequencies and the average word frequency.


	Display outputs: plot the frequencies and print the average frequency.




Since each of these subproblems has multiple parts, we can break each subproblem down further:


	Get inputs.

(a) Get the text.


	Prompt for and get a file name.


	Read the text from the file with that file name.




(b) Prompt for and get a word.

(c) Prompt for and get a window length.



	Compute a list of word frequencies and the average word frequency.


	In each window, count the frequency of the word.




	Display outputs:


	Plot the frequencies.

	Print the average frequency.






This outline is represented visually in Figure 7.3. We have broken the input subproblem into three parts, one for each input that we need. The text input part is further broken down into getting the file name and then reading the text from that file. Next, in the computation subproblem, we will need to count the words in each of the windows that we construct, so it will make sense to create another function that counts the words in each of those windows. Finally, we break the output subproblem into two parts, one for the plot and one for the average frequency.

Next, before we implement our top-down design as a program, we need to design an algorithm for each “non-trivial” subproblem. Each of the input and output subproblems is pretty straightforward, but the main computation subproblem is not. It is convenient at this stage to write our algorithm semi-formally in what is known as pseudocode. Pseudocode does not have an exact definition, but is somewhere between English and a programming language. When we write algorithms in pseudocode, we need to be guided by our understanding of what can and cannot be done in a programming language, but not necessarily write out every detail. For example, in the algorithm that will find the frequency of the word in every window, we know that we will have to somehow iterate over these windows using a loop, but we do not necessarily have to decide at this point the precise form of that loop. Here is one possible algorithm written in a Python-like pseudocode. We have colored it blue to remind you that it is not an actual Python function.

getWordCounts(text, word, window_length)
  total_word_count = 0
  total_window_count = 0
  word_count_list = []
  for each non-overlapping window:
     increment total_window_count
     count = instances of word in window
     add count to total_word_count
     append count to word_count_list
  return (total_word_count / total_window_count) and word_count_list

In the algorithm, we are maintaining three main values. The total number of instances of the word that we have found (total_word_count) and the total number of windows that we have processed (total_window_count) are needed to compute the average count per window. The list of word counts (word_count_list), which stores one word count per window, is needed for the plot. The loop iterates over all of the windows and, for each one, finds the count of the word in that window and uses it to update the total word count and the word count list. At the end, we return the average word count and the list of word counts.

Although analyzing your algorithm is the last step in Polya’s four-step process, we really should not wait until then to consider the efficiency, clarity, and correctness of our algorithms. At each stage, we need to critically examine our work and look for ways to improve it. For example, if our windows overlapped, we could make the algorithm above more efficient by basing the count in each window on the count in the previous window, as we did in Section 1.3. Notice that this improvement could be made before we implement any code.



Implement your algorithm as a program

Only once your program and function designs are complete should you begin writing your program. This point cannot be emphasized enough. Beginning programmers often rush to the keyboard prematurely, only to find that, after many hours of work, they really do not understand the problem and/or how to solve it. Although it often appears as if getting right to the program will save time, in the long run, the very opposite tends to happen. Expert programmers will sometimes prototype specific pieces of code in very long programs earlier in the process to test whether new ideas are feasible. However, beginning programmers, writing smaller programs like the ones in this book, are always better off with a tentative solution on paper before they start writing any code.

When you do sit down to write your program, your first task should be to lay out your functions, including main, with their docstrings. Because the Python interpreter will complain if your function does not contain any statements, you can initially place the “dummy” statement pass in the body of your functions. In our design, we have decided to group all of the input in one function because it will be so little code. Also, we have not created a separate function for printing the average count per window because it will be just a single line.

def getInputs():
    """Prompt for the name of a text file, a word to analyze, and a
       window length. Read and return the text, word, and window length.

     Parameters: none

     Return value: a text, word, and window length
     """
     pass

def count(text, target):
    """Count the number of target strings in text.

    Parameters:
        text: a string object
        target: a string object

    Return value: the number of times target occurs in text
    """

    pass

def getWordCounts(text, word, windowLength):
    """Find the number of times word occurs in each window in the text.

    Parameters:
        text: a string containing a text
        word: a string
        windowLength: the integer length of the windows

    Return values: average count per window and list of window counts
    """

    pass

def plotWordCounts(wordCounts):
    """Plot a list of word frequencies.

    Parameter:
        wordCounts: a list of word frequencies

    Return value: None
    """

    pass

def main():
    pass

    # call getInputs
    # call getWordCounts
    # call plotWordCounts
    # print average count per window

main()

In Section 7.2, we will discuss a more formal method for thinking about and enforcing requirements for your parameters and return values. Requirements for parameters are called preconditions and requirements for return values (and side effects) are called postconditions. For example, in the getWordCounts function, we are assuming that text and target are strings, and that windowLength is a positive integer, but we do not check whether they actually are. If we mistakenly pass a negative number in for windowLength, an error is likely to ensue. A precondition would state formally that windowLength must be a positive integer and make sure that the function does not proceed if it is not.

Once your functions exist, you can begin to implement them, one at a time. Comment your code as you go. While you are working on a function, test it often by calling it from main and running the program. By doing so, you can ensure that you always have working code that is free of syntax errors. If you are running your program often, then finding syntax errors when they do crop up will be much easier because they must exist in the last few lines that you wrote.

Once you are pretty sure that a function works, you can initiate a more formal testing process. This is the subject of Section 7.3. You must make sure that each function is working properly in isolation before moving on to the next one. Once you are sure that it works, a function becomes a functional abstraction that you don’t need to think about any more, making your job easier! Once each of your functions is working properly, you can assemble your complete program.

For example, we might start by implementing the getInputs function:

def getInputs():
    """ (docstring omitted) """

    fileName = input('Text file name: ')                # get file name

    textFile = open(fileName, 'r', encoding = 'utf-8')  # read file
    text = textFile.read()
    textFile.close()

    word = input('Word: ')                         # get word
    windowLength = int(input('Window length: '))   # get window length

    return text, word, windowLength

Now we need to test this function on its own before continuing to the next one. Call the function from main and just print the results to make sure it is working correctly.

def main():
    testText, testWord, testLength = getInputs()
    print(testText, testWord, testLength)

main()

If there were syntax errors or something did not work the way you expected, it is important to fix it now. This process continues for each of the remaining three functions. Then the final main function ties them all together:

def main():
    text, word, windowLength = getInputs()
    average, wordCounts = getWordCounts(text, word, windowLength)
    plotWordCounts(wordCounts)
    print(word, 'occurs on average', average, 'times per window.')

You can find a finished version of the program on the book web site. An example of a plot generated by the program is shown in Figure 7.4.
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Figure 7.4 Word frequency scatter plot for the word “Pequod” in the text of Moby Dick (window length = 10,000).





Analyze your program for clarity, correctness, and efficiency

Once you are done with your program, it is time to reflect on your work as a whole.


	Does your program work properly?

As you did for each function, test your program with many different inputs, especially ones that seem difficult or that you think might break your program. It is important to test with inputs that are representative of the entire range of possibilities. For example, if your input is a number, try both negative and positive integers and floating point numbers, and zero. If some inputs are not allowed, this should be stated explicitly in the docstring(s), as we will discuss further in the next section.


	Is your program as efficient as it could be?

Is your program doing too much work? Is there a way to streamline it? As our programs get more complicated, we will see some examples of how to bring down the time complexity of algorithms.


	Is your program easy to read? Is it commented properly? Is there anything extraneous that could be omitted?

Refer back to Section 3.4 for commenting and program structure guidelines.


	Are there chunks of code that should be made into functions to improve readability?




You may very well decide in this process that revisions are necessary, sending you back up to an earlier step. Again, this is completely normal and encouraged. No one ever designs a perfect solution on a first try!

Keep these steps and Figure 7.1 in mind as we move forward. We will gradually begin to solve more complex problems in which these steps will be crucial to success.




*7.2 DESIGN BY CONTRACT

There are often subtleties in a problem definition that are easily overlooked, leading to serious problems later. In this section, we will follow a more rigorous and nuanced approach to thinking about the input and output of a problem, and where things might go awry in an algorithm. We will start by looking at some small functions from Section 6.3, and then revisit the program from the previous section.


Preconditions and postconditions

Part of understanding the input to a problem is understanding any restrictions on it. For example, consider the digit2String function from Section 6.3.

def digit2String(digit):
    """Converts an integer digit to its corresponding string
       representation.

     Parameter:
         digit: an integer in 0, 1, ..., 9

     Return value:
         the corresponding character '0', '1', ..., '9'
         or None if a non-digit is passed as an argument
     """

     if (digit < 0) or (digit > 9):
         return None
     return chr(ord('0') + digit)

Recall that this function is meant to convert an integer digit between 0 and 9 to its associated character. For example, if the input were 4, the output should be the string '4'. We noted when we designed this function that inputs less than 0 or greater than 9 would not work, so we returned None in those cases. The requirement that digit must be integer between 0 and 9 is called a precondition. A precondition for a function is something that must be true when the function is called for it to behave correctly. Put another way, we do not guarantee that the function will give the correct output when the precondition is false.

On the other hand, the postcondition for a function is a statement of what must be true when the function finishes. A postcondition usually specifies what the function returns and what, if any, side effects it has. Recall that a side effect occurs when a global variable is modified or some other event in a function modifies a global resource. For example, calls to print and modifications of files can be considered side effects because they have impacts outside of the function itself.


Reflection 7.3 What is the postcondition of the digit2String function?



The postcondition for the digit2String function should state that the function returns a string representation of its input.

The use of preconditions and postconditions is called design by contract because the precondition and postcondition establish a contract between the function designer and the function caller. The function caller understands that the precondition must be met before the function is called and the function designer guarantees that, if the precondition is met, the postcondition will also be met.

Because they describe the input and output of a function, and therefore how the function can be used, preconditions and postconditions should be included in the docstring for a function. If they include information about the parameters and return value, they can replace those parts of the docstring. For example, a new docstring for digit2String would look like:

def digit2String(digit):
    """Converts an integer digit to its corresponding string
       representation.

    Precondition: digit is an integer between 0 and 9

    Postcondition: returns the string representation of digit, or
                   None if digit is not an integer between 0 and 9
    """



Checking parameters

The digit2String function partially “enforces” the precondition by returning None if digit is not between 0 and 9. But there is another part of the precondition that we do not handle.


Reflection 7.4 What happens if the argument passed in for digit is not an integer?



Calling digit2String('cookies') results in the following error:

TypeError: unorderable types: str() < int()

This error happens in the if statement when the value of digit, in this case 'cookies', is compared to 0. To avoid this rather opaque error message, we should make sure that digit is an integer at the beginning of the function. We can do so using the isinstance function, which takes two arguments: a variable name (or value) and the name of a class. The function returns True if the variable or value refers to an object (i.e., instance) of the class, and False otherwise. For example,

>>> isinstance(5, int)
True
>>> isinstance(5, float)
False
>>> s = 'a string'
>>> isinstance(s, str)
True
>>> isinstance(s, float)
False

We can use isinstance in the if statement to make digit2String more robust:

def digit2String(digit):
    """ (docstring omitted) """

     if not isinstance(digit, int) or (digit < 0) or (digit > 9):
         return None
     return chr(ord('0') + digit)

Now let’s consider how we might use this function in a computation. For example, we might want to use digit2String in the solution to Exercise 6.3.10 to convert a positive integer named value to its corresponding string representation:

def int2String(value):
    """Convert an integer into its corresponding string representation.

     Parameter:
         value: an integer

     Return value: the string representation of value
     """

     intString = ''
     while value > 0:
         digit = value % 10
         value = value // 10
         intString = digit2String(digit) + intString
     return intString

In each iteration of the while loop, the rightmost digit of value is extracted and value is divided by ten, the digit is converted to a string using digit2String, and the result is prepended to the beginning of a growing string representation.


Reflection 7.5 What happens if value is a floating point number, such as 123.4?



If value is 123.4, then the first value of digit will be 3.4. Because this is not an integer, digit2String(digit) will return None. This, in turn, will cause an error when we try to prepend None to the string:

TypeError: unsupported operand type(s) for +: 'NoneType' and 'str'

Because we clearly stated in the docstring of digit2String that the function would behave this way, by the principle of design by contract, the int2String function, as the caller of digit2String, is responsible for catching this possibility and handling it appropriately. In particular, it needs to check whether digit2String returns None and, if it does, do something appropriate. For example, we could just abort and return None:

def int2String(value):
    """ (docstring omitted) """

    intString = ''
    while value > 0:
        digit = value % 10
        value = value // 10
        digitStr = digit2String(digit)
        if digitStr != None:
            intString = digit2Str + intString
        else:
            return None
    return intString


Reflection 7.6 What are some alternatives to this function returning None in the event that value is a floating point number?



Alternatively, we could return a string representing the integer portion of value. In other words, if value were assigned 123.4, it could return the string '123'. But this would need to be stated clearly in the postcondition of the function. Exercises 7.2.1 and 7.2.2 ask you to write a precondition and postcondition for this function, and then modify the function so that it works correctly for all inputs.



Assertions

A stricter alternative is to display an error and abort the entire program if a parameter violates a precondition. This is precisely what happened above when the Python interpreter displayed a TypeError and aborted when the + operator tried to concatenate None and a string. These now-familiar TypeError and ValueError messages are called exceptions. A built-in function “raises an exception” when something goes wrong and the function cannot continue. When a function raises an exception, it does not return normally. Instead, execution of the function ends at the moment the exception is raised and execution instead continues in part of the Python interpreter called an exception handler. By default, the exception handler prints an error message and aborts the entire program.

It is possible for our functions to also raise TypeError and ValueError exceptions, but the mechanics of how to do so are beyond the scope of this book. We will instead consider just one particularly simple type of exception called an AssertionError, which may be raised by an assert statement. An assert statement tests a Boolean condition, and raises an AssertionError if the condition is false. If the condition is true, the assert statement does nothing. For example,

>>> value = -1
>>> assert value < 0
>>> assert value > 0
AssertionError
>>> assert value > 0, 'value must be positive'
AssertionError: value must be positive

The first assert statement above does nothing because the condition being asserted is True. But the condition in the second assert statement is False, so an AssertionError exception is raised. The third assert statement demonstrates that we can also include an informative message to accompany an AssertionError.

We can replace the if statement in our digit2String function with assertions to catch both types of errors that we discussed previously:

def digit2String(digit):
    """ (docstring omitted) """

    assert isinstance(digit, int), 'digit must be an integer'
    assert (digit >= 0) and (digit <= 9), 'digit must be in [0..9]'

    return chr(ord('0') + digit)

If digit is not an integer, then the first assert statement will display

AssertionError: digit must be an integer

and abort the program. If digit is an integer (and therefore gets past the first assertion) but is not in the correct range, the second assert statement will display

AssertionError: digit must be in [0..9]

and abort the program.


Reflection 7.7 Call this modified version of digit2String from the int2String function. What happens now when you call int2String(123.4)?



Note that, since the assert statement aborts the entire program, it should only be used in circumstances in which there is no other reasonable course of action. But the definition of “reasonable” usually depends on the circumstances.

For another example, let’s look at the count and getWordCounts functions that we discussed in the previous section. We did not implement the functions there, so they are shown below. We have added to the count function a precondition and postcondition, and an assertion that tests the precondition.

def count(text, target):
    """Count the number of target strings in text.

    Precondition: text and target are string objects

    Postcondition: returns number of occurrences of target in text
    """

    assert isinstance(text, str) and isinstance(target, str), \
           'arguments must be strings'

    count = 0
    for index in range(len(text) - len(target) + 1):
        if text[index:index + len(target)] == target:
            count = count + 1
    return count

def getWordCounts(text, word, windowLength):
    """Find the number of times word occurs in each window in the text.

    Parameters:
        text: a string containing a text
        word: a string
        windowLength: the integer length of the windows

    Return values: average count per window and list of window counts
    """

    wordCount = 0
    windowCount = 0
    wordCounts = []
    for index in range(0, len(text) - windowLength + 1, windowLength):
        window = text[index:index + windowLength]
        windowCount = windowCount + 1
        wordsInWindow = count(window, word)
        wordCount = wordCount + wordsInWindow
        wordCounts.append(wordsInWindow)
    return wordCount / windowCount, wordCounts


Reflection 7.8 What are a suitable precondition and postcondition for the getWordCounts function? Should the precondition state anything about the values of text or word? (What happens if text is too short?)



The precondition should state that both text and word are strings, and wordLength is a positive integer. In addition, special attention must be paid to the contents of text. If the length of text is smaller than windowLength, then there will be no iterations of the loop. In this case, windowCount will remain at zero and the division in the return statement will result in an error. Depending on the circumstances, we might also want to prescribe some restrictions on the value of word but, in general, this is not necessary for the function to work correctly. Incorporating these requirements, a suitable precondition might look like this:

Precondition: text and word are string objects and
              windowLength is a positive integer and
              text contains at least windowLength characters

Assuming the precondition is met, the postcondition is relatively simple:

Postcondition: returns a list of word frequencies and the
               average number of occurrences of word per window

Not satisfying any one of the precondition requirements will break the getWordCounts function, so let’s check that the requirements are met with assert statements. First, we can check that text and word are strings with the following assert statement:

assert isinstance(text, str) and isinstance(word, str), \
       'first two arguments must be strings'

We can check that windowLength is a positive integer with:

assert isinstance(windowLength, int) and windowLength > 0, \
       'window length must be a positive integer'

To ensure that we avoid dividing by zero, we need to assert that the text is at least as long as windowLength:

assert len(text) >= windowLength, \
       'window length must be shorter than the text'

Finally, it is not a bad idea to add an extra assertion just before the division at the end of the function:

assert windowCount > 0, 'no windows were found'

Although our previous assertions should prevent this assertion from ever failing, being a defensive programmer is always a good idea. Incorporating these changes into the function looks like this:

      def getWordCounts(text, word, windowLength):
          """Find the number of times word occurs in each window in the text.

          Precondition: text and word are string objects and
                        windowLength is a positive integer and
                        text contains at least windowLength characters

          Postcondition: returns a list of word frequencies and the
                         average number of occurrences of word per window
          """

          assert isinstance(text, str) and isinstance(word, str), \
                 'first two arguments must be strings'

          assert isinstance(windowLength, int) and windowLength > 0, \
                 'window length must be a positive integer'

          assert len(text) >= windowLength, \
                 'window length must be shorter than the text'

          wordCount = 0
          windowCount = 0
          wordCounts = []
          for index in range(0, len(text) - windowLength + 1, windowLength):
              window = text[index:index + windowLength]
              windowCount = windowCount + 1
              wordsInWindow = count(window, word)
              wordCount = wordCount + wordsInWindow
              wordCounts.append(wordsInWindow)

          assert windowCount > 0, 'no windows were found'

          return wordCount / windowCount, wordCounts

In the next section, we will discuss a process for more thoroughly testing these functions once we think they are correct.



Exercises

7.2.1. Write a suitable precondition and postcondition for the int2String function.

7.2.2. Modify the int2String function with if statements so that it correctly satisfies the precondition and postcondition that you wrote in the previous exercise, and works correctly for all possible inputs.

7.2.3. Modify int2String function with assert statements so that it correctly satisfies the precondition and postcondition that you wrote in Exercise 7.2.1, and works correctly for all possible inputs.

For each of the following functions from earlier chapters, (a) write a suitable precondition and postcondition, and (b) add assert statements to enforce your precondition. Be sure to include an informative error message with each assert statement.

7.2.4.  def volumeSphere(radius):
    return (4 / 3) * math.pi * (radius ** 3)

7.2.5.  def fair(employee, ceo, ratio):
    return (ceo / employee <= ratio)

7.2.6.  def windChill(temp, wind):
    chill = 13.12 + 0.6215 * temp + \
            (0.3965 * temp - 11.37) * wind ** 0.16
    return round(chill)

Note that wind chill is only defined for temperatures at or below 10° C and wind speeds above 4.8 km/h.

7.2.7.  def plot(tortoise, n):
    for x in range(-n, n + 1):
        tortoise.goto(x, x * x)

7.2.8.  def pond(years):
    population = 12000
    print('Year Population')
    print('{0:<4} {1:>9.2f}'.format(0, population))
    for year in range(1, years + 1):
        population = 1.08 * population - 1500
        print('{0:<4} {1:>9.2f}'.format(year, population))
    return population

7.2.9.  def decayC14(originalAmount, years, dt):
    amount = originalAmount
    k = -0.00012096809434
    numIterations = int(years / dt) + 1
    for i in range(1, numIterations):
        amount = amount + k * amount * dt
    return amount

7.2.10.  def argh(n):
    return 'A' + ('r' * n) + 'gh!'

7.2.11.  def reverse(word):
    newstring = ''
    for index in range(len(word) - 1, -1, -1):
        newstring = newstring + word[index]
    return newstring

7.2.12.  def find(text, target):
    for index in range(len(text) - len(target) + 1):
        if text[index:index + len(target)] == target:
            return index
    return -1

7.2.13.  def lineNumbers(fileName):
    textFile = open(fileName, 'r', encoding = 'utf-8')
    lineCount = 1
    for line in textFile:
        print('{0:<5} {1}'.format(lineCount, line[:-1]))
        lineCount = lineCount + 1
    textFile.close()

To determine whether a file exists, you can use:

import os.path
assert os.path.isfile(fileName)

Then, to make sure you can read the file, you can use:

import os
assert os.access(fileName, os.R_OK)

The value os.R_OK is telling the function to determine whether reading the file is OK.




*7.3 TESTING

Once we have carefully defined and implemented a function, we need to test it thoroughly. You have surely been testing your functions all along, but now that we have written some more involved ones, it is time to start taking a more deliberate approach.

It is very important to test each function that we write before we move on to other functions. The process of writing a program should consist of multiple iterations of design—implement—test, as we illustrated in Figure 7.1 in Section 7.1. Once you come up with an overall design and identify what functions you need, you should follow this design—implement—test process for each function individually. If you do not follow this advice and instead test everything for the first time when you think you are done, it will likely be very hard to discern where your errors are.

The only way to really ensure that a function is correct is to either mathematically prove it is correct or test it with every possible input (i.e., every possible parameter value). But, since both of these strategies are virtually impossible in all but the most trivial situations, the best we can do is to test our functions with a variety of carefully chosen inputs that are representative of the entire range of possibilities. In large software companies, there are dedicated teams whose sole jobs are to design and carry out tests of individual functions, the interplay between functions, and the overall software project.


Unit testing

We will group our tests for each function in what is known as a unit test. The “unit” in our case will be an individual function, but in general it may be any block of code with a specific purpose. Each unit test will itself be a function, named test_ followed by the name of the function that we are testing. For example, our unit test function for the count function will be named test_count. Each unit test function will contain several individual tests, each of which will assert that calling the function with a particular set of parameters returns the correct answer.

To illustrate, we will design unit tests for the count and getWordCounts functions from the previous section, reproduced below in a simplified form. We have omitted docstrings and the messages attached to the assert statements, simplified getWordCounts slightly by removing the list of window frequencies, and simplified the main function by removing the plot.

    def getInputs():
        ⋮    # code omitted

    def count(text, target):
        assert isinstance(text, str) and isinstance(target, str)

        count = 0
        for index in range(len(text) - len(target) + 1):
            if text[index:index + len(target)] == target:
                count = count + 1
        return count

   def getWordCounts(text, word, windowLength):
       assert isinstance(text, str) and isinstance(word, str)
       assert isinstance(windowLength, int) and windowLength > 0
       assert len(text) >= windowLength

        wordCount = 0
        windowCount = 0
        for index in range(0, len(text) - windowLength + 1, windowLength):
            window = text[index:index + windowLength]
            windowCount = windowCount + 1
            wordsInWindow = count(window, word)
            wordCount = wordCount + wordsInWindow

        assert windowCount > 0
        return wordCount / windowCount

   def main():
       text, word, windowLength = getInputs()
       average = getWordCounts(text, word, windowLength)
       print(word, 'occurs on average', average, 'times per window.')

   main()

We will place all of the unit tests for a program in a separate file to reduce clutter in our program file. If the program above is saved in a file named wordcount.py, then the unit test file will be named test_wordcount.py, and have the following structure:

from wordcount import count, getWordCounts

def test_count():
    """Unit test for count"""

    # tests of count here

    print('Passed all tests of count!')

def test_getWordCounts():
    """Unit test for getWordCounts"""

    # tests of getWordCounts here

    print('Passed all tests of getWordCounts!')

def test():
    test_count()
    test_getWordCounts()

test()

The first line imports the two functions that we are testing from wordcount.py into the global namespace of the test program. Recall from Section 3.6 that a normal import statement creates a new namespace containing all of the functions from an imported module. Instead, the

from <module name> import <function names>

form of the import statement imports functions into the current namespace. The advantage is that we do not have to preface every call to count and getWordCounts with the name of the module. In other words, we can call

count('This is fun.', 'is')

instead of

wordcount.count('This is fun.', 'is')

The import statement in the program is followed by the unit test functions and a main test function that calls all of these unit tests.



Regression testing

When we test our program, we will call test() instead of individual unit test functions. Besides being convenient, this technique has the advantage that, when we test new functions, we also re-test previously tested functions. If we make changes to any one function in a program, we want to both make sure that this change worked and make sure that we have not inadvertently broken something that was working earlier. This idea is called regression testing because we are making sure that our program has not regressed to an earlier error state.

Before we design the actual unit tests, there is one more technical matter to deal with. Although we have not thought about it this way, the import statement both imports names from another file and executes the code in that file. Therefore, when test_wordcount.py imports the functions from wordcount.py into the global namespace, the code in wordcount.py is executed. This means that main will be called, and therefore the entire program in wordcount.py will be executed, before test() is called. But we only want to execute main() when we run wordcount.py as the main program, not when we import it for testing. To remedy this situation, we need to place the call to main() in wordcount.py inside the following conditional statement:

if __name__ == '__main__':
    main()

You may recall from Section 3.6 that __name__ is the name of the current module, which is assigned the value '__main__' if the module is run as the main program. When wordcount.py is imported into another module instead, __name__ is set to 'wordcount'. So this statement executes main() only if the module is run as the main program.



Designing unit tests

Now that we have the infrastructure in place, let’s design the unit test for the count function. We will start with a few easy tests:

def test_count():
    quote = 'Diligence is the mother of good luck.'
    assert count(quote, 'the') == 2
    assert count(quote, 'them') == 0

    print('Passed all tests of count!')


Reflection 7.9 What is printed by the assert statements in the test_count function?



If the count function is working correctly, nothing should be printed by the assert statements. On the other hand, if the count function were to fail one of the tests, the program would abort at that point with an AssertionError exception. To see this, change the second assertion to (incorrectly) read assert count(quote, 'them') == 1 instead. Then rerun the program. You should see

Box 7.1: Unit testing frameworks


Python also provides two modules to specifically facilitate unit testing. The doctest module provides a way to incorporate tests directly into function docstrings. The unittest module provides a fully featured unit testing framework that automates the unit and regression testing process, and is more similar to the approach we are taking in this section. If you would like to learn more about these tools, visit

http://docs.python.org/3/library/development.html



Traceback (most recent call last):

    ⋮  (order of function calls displayed here)

    assert count(quote, 'them') == 1
AssertionError

This error tells you which assertion failed so that you can track down the problem. (In this case, there is no problem; change the assertion back to the correct version.)

On their own, the results of these two tests do not provide enough evidence to show that the count function is correct. As we noted earlier, we need to choose a variety of tests that are representative of the entire range of possibilities. The input that we use for a particular test is called a test case. We can generally divide test cases into three categories:


	Common cases. First, test the function on several straightforward inputs to make sure that its basic functionality is intact. Be sure to choose test cases that result in a range of different answers. For example, for the count function, we might create the following tests (which include the two above):

quote = 'Diligence is the mother of good luck.'
assert count(quote, 'the') == 2
assert count(quote, 'the ') == 1
assert count(quote, 'them') == 0
assert count(quote, ' ') == 6

Notice that we have chosen inputs that result in a variety of results, including the case in which the target string is not found.


	Boundary cases. A boundary case is an input that rests on a boundary of the range of legal inputs. In the case of the count function, the input is two strings, so we want to test the function on strings with the minimum possible lengths and on strings with lengths that are close to the minimum. (If there were a maximum length, we would want to test that too.)

The minimum length string is the empty string (''). So we need to design test cases for the count function in which either parameter is the empty string. We will start with cases in which target is the empty string.


Reflection 7.10 What should the correct answer be for count(quote, '')? In other words, how many times does the empty string occur in a non-empty string?



This question is similar to asking how many zeros there are in 10. In mathematics, this number (10/0) is undefined, and Python gives an error. Should counting the number of empty strings in a string also result in an error? Or perhaps the answer should be 0; in other words, there are no empty strings in a non-empty string.

Let’s suppose that we want the function to return zero if target is the empty string. So we add the following three test cases to the test_count function:

assert count(quote, '') == 0
assert count('a', '') == 0
assert count('', '') == 0

Notice that we passed in strings with three different lengths for text.


Reflection 7.11 Does the count function pass these tests? What does count(quote, '') actually return? Look at the code and try to understand why. For comparison, what does the built-in string method quote.count('') return?



The return values of both count(quote, '') and quote.count('') are 38, which is len(quote) + 1, so the tests fail. This happens because, when target is the empty string, every test of the if condition, which evaluates to

if text[index:index] == '':

is true. Since the loop iterates len(text) + 1 times, each time incrementing count, len(text) + 1 is assigned to count at the end.

This is a situation in which testing has turned up a case that we might not have noticed otherwise. Since our expectation differs from the current behavior, we need to modify the count function by inserting an if statement before the for loop:

def count(text, target):
    assert isinstance(text, str) and isinstance(target, str)

     if target == '':
         return 0

     count = 0
     for index in range(len(text) - len(target) + 1):
         if text[index:index + len(target)] == target:
             count = count + 1
     return count

With this change, all of the tests should pass.

Now what if text is the empty string? It seems reasonable to expect that, if text is empty, then count should always return zero. So we add two more test cases, one with a long target and the other with a short target:

assert count('', quote) == 0
assert count('', 'a') == 0


Reflection 7.12 What does count('', quote) actually return?



In this case, both tests pass. If text is the empty string and target contains at least one character, then the range of the for loop is empty and the function returns zero.

In addition to tests with the empty string, we should add a few tests in which both strings are close to the empty string:

assert count(quote, 'e') == 4
assert count('e', 'e') == 1
assert count('e', 'a') == 0

Another kind of boundary case involves situations in which an algorithm is searching near the beginning or end of a string (or, in the next chapter, a list). For example, we should make sure that our function correctly counts substrings that appear at the beginning and end of text:

assert count(quote, 'D') == 1
assert count(quote, 'Di') == 1
assert count(quote, 'Dx') == 0
assert count(quote, '.') == 1
assert count(quote, 'k.') == 1
assert count(quote, '.x') == 0

Notice that we have also included two cases in which the target is close to something at the beginning and end, but does not actually match.


	Corner cases. A corner case is any other kind of rare input that might cause the function to break. For the count function, our boundary cases took care of most of these. But two other unusual cases to check might be if the text and target are the same, and if text is shorter than target:

assert count(quote, quote) == 1
assert count('the', quote) == 0

Thinking up pathological corner cases is an acquired skill that comes with experience. Many companies pay top dollar for programmers whose sole job is to discover corner cases that break their software!




Putting all of these test cases together, our unit test for the count function looks like this:

def test_count():
    quote = 'Diligence is the mother of good luck.'
    assert count(quote, 'the') == 2       # common cases
    assert count(quote, 'the ') == 1
    assert count(quote, 'them') == 0
    assert count(quote, ' ') == 6
    assert count(quote, '') == 0          # boundary cases
    assert count('a', '') == 0
    assert count('', '') == 0
    assert count('', quote) == 0
    assert count('', 'a') == 0
    assert count(quote, 'e') == 4
    assert count('e', 'e') == 1
    assert count('e', 'a') == 0
    assert count(quote, 'D') == 1
    assert count(quote, 'Di') == 1
    assert count(quote, 'Dx') == 0
    assert count(quote, '.') == 1
    assert count(quote, 'k.') == 1
    assert count(quote, '.x') == 0
    assert count(quote, quote) == 1       # corner cases
    assert count('the', quote) == 0

    print('Passed all tests of count!')



Testing floating point values

Once we are sure that the count function works correctly, we can go on to implement and test the getWordCounts function. The beginning of a unit test for this function might look like the following. (We will leave the remaining tests as an exercise.)

def test_getWordCounts():
    text = 'Call me Ishmael. Some years ago--never mind how long \
precisely--having little or no money in my purse, and nothing \
particular to interest me on shore, I thought I would sail about \
a little and see the watery part of the world. It is a way I have \
of driving off the spleen and regulating the circulation.'

    assert getWordCounts(text, 'the', 20) == 4 / 15
    assert getWordCounts(text, 'spleen', 20) == 1 / 15

    print('Passed all tests of getWordCounts!')


Reflection 7.13 Why did we use 4 / 15 and 1 / 15 in the tests above instead of something like 0.267 and 0.067?



Using these floating point approximations of 4/15 and 1/15 would cause the assertions to fail. For example, try this:

>>> assert 4 / 15 == 0.267 # fails

In general, you should never test for equality between floating point numbers. There are two reasons for this. First, the value you use may not accurately represent the correct value that you are testing against. This was the case above. To get assert 4 / 15 == 0.267 to pass, you would have to add a lot more digits to the right of the decimal point (e.g., 0.26666 ··· 66). But, even then, the number of digits in the value of 4 / 15 may depend on your specific computer system, so even using more digits is a bad idea. Second, as we discussed in Sections 2.2 and 4.4, floating point numbers have finite precision and are therefore approximations. For example, consider the following example from Section 4.4.

sum = 0
for index in range(1000000):
    sum = sum + 0.0001
assert sum == 100.0

This loop adds one ten-thousandths one million times, so the answer should be one hundred, as reflected in the assert statement. However, the assert fails because the value of sum is actually slightly greater than 100 due to rounding errors. To deal with this inconvenience, we should always test floating point values within a range instead. For example, the assert statement above should be replaced by

assert sum > 99.99 and sum < 100.01

or

assert sum > 99.99999 and sum < 100.00001

The size of the range that you test will depend on the accuracy that is necessary in your particular application.

Let’s apply this idea to the familiar volumeSphere function:

def volumeSphere(radius):
    return (4 / 3) * math.pi * (radius ** 3)

To generate some test cases for this function, we would figure out what the answers should be for a variety of different values of radius and then write assert statements for each of these test cases. For example, the volume of a sphere with radius 10 is about 4188.79. So our assert statement should look something like

assert volumeSphere(10) > 4188.789 and volumeSphere(10) < 4188.791



Exercises

7.3.1. Finish the unit test for the getWordCounts function. Be sure to include both boundary and corner cases.

7.3.2. Design a thorough unit test for the digit2String function from Section 7.2.

7.3.3. Design a thorough unit test for the int2String function from Section 7.2.

7.3.4. Design a thorough unit test for the assignGP function below.

def assignGP(score):
    if score >= 90:
        return 4
    if score >= 80:
        return 3
    if score >= 70:
        return 2
    if score >= 60:
        return 1
    return 0

7.3.5. Design a thorough unit test for the volumeSphere function in Exercise 7.2.4.

7.3.6. Design a thorough unit test for the windChill function in Exercise 7.2.6.

7.3.7. Design a thorough unit test for the decayC14 function in Exercise 7.2.9.

7.3.8. Design a thorough unit test for the reverse function in Exercise 7.2.11.

7.3.9. Design a thorough unit test for the find function in Exercise 7.2.12.




7.4 SUMMARY

Designing correct algorithms and programs requires following a careful, reflective process. We outlined an adaptation of Polya’s How to Solve It with four main steps:


	Understand the problem.


	Design an algorithm, starting from a top-down design.


	Implement your algorithm as a program.


	Analyze your program for clarity, correctness, and efficiency.




It is important to remember, however, that designing programs is not a linear process. For example, sometimes after we start programming (step 3), we notice a more efficient way to organize our functions and return to step 2. And, while testing a function (step 4), we commonly find errors that need to be corrected, returning us to step 3. So treat these four steps as guidelines, but always allow some flexibility.

In the last two sections, we formalized the process of designing and testing our functions. In the design process, we introduced design by contract using preconditions and postconditions, and the use of assert statements to enforce them. Finally, we introduced unit testing and regression testing as means for discovering errors in your functions and programs. In the remaining chapters, we encourage you to apply design by contract and unit testing to your projects. Although this practice requires more time up front, it virtually always ends up saving time overall because less time is wasted chasing down hard-to-find errors.



7.5 FURTHER DISCOVERY

The first epigraph is from an April 1984 Time magazine article titled “The Wizard inside the Machine” about Admiral Grace Hopper [55]. The second epigraph is from the Software Project Survival Guide by Steve McConnell [32] (p. 36).

Grace Hopper was an extraordinarily influential figure in the early development of programming languages and compilers. The original room-sized computers of the 1940’s and 1950’s had to be programmed directly in binary code by highly trained experts. But, by developing early compilers, Admiral Hopper demonstrated that programming could be made more user-friendly. Grace Hopper earned a Ph.D. in mathematics from Yale University in 1934, and taught at Vassar College until 1943, when she left to join the U.S. Naval Reserve. After World War II, she worked with early computers for both industry and the military. She retired from the Navy in 1986 with the rank of Rear Admiral. You can find a detailed biography at

http://www.history.navy.mil/bios/hopper_grace.htm.

A biographical video was also recently produced for the web site fivethirtyeight. com. You can watch it at

http://fivethirtyeight.com/features/the-queen-of-code/.
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CHAPTER 8

Data analysis


“Data! Data! Data!” he cried impatiently. “I can’t make bricks without clay.”

Sherlock Holmes
The Adventure of the Copper Beeches (1892)



IN Chapter 6, we designed algorithms to analyze and manipulate text, which is stored as a sequence of characters. In this chapter, we will design algorithms to process and learn from more general collections of data. The problems in this chapter involve earthquake measurements, SAT scores, isotope ratios, unemployment rates, meteorite locations, consumer demand, river flow, and more. Data sets such as these have become a (if not, the) vital component of many scientific, non-profit, and commercial ventures. Many of these now employ experts in data science and/or data mining who use advanced techniques to transform data into valuable information to guide the organization.

To solve these problems, we need an abstract data type (ADT) in which to store a collection of data. The simplest and most intuitive such abstraction is a list, which is simply a sequence of items. In previous chapters, we discovered how to generate Python list objects with the range function and how to accumulate lists of coordinates to visualize in plots. To solve the problems in this chapter, we will also grow and shrink lists, and modify and rearrange their contents, without having to worry about where or how they are stored in memory.


8.1 SUMMARIZING DATA

A list is represented as a sequence of items, separated by commas, and enclosed in square brackets ([ ]). Lists can contain any kind of data we want; for example:

>>> sales = [32, 42, 11, 15, 58, 44, 16]
>>> unemployment = [0.082, 0.092, 0.091, 0.063, 0.068, 0.052]
>>> votes = ['yea', 'yea', 'nay', 'yea', 'nay']
>>> points = [[2, 1], [12, 3], [6, 5], [3, 14]]

The first example is a list representing hundreds of daily sales, the second example is a list of the 2012 unemployment rates of the six largest metropolitan areas, and the third example is a list of votes of a five-member board. The last example is a list of (x, y) coordinates, each of which is represented by a two-element list. Although they usually do not in practice, lists can also contain items of different types:

>>> crazy = [15, 'gtaac', [1, 2, 3], max(4, 14)]
>>> crazy
[15, 'gtaac', [1, 2, 3], 14]

Since lists are sequences like strings, they can also be indexed and sliced. But now indices refer to list elements instead of characters and slices are sublists instead of substrings:

>>> sales[1]
42
>>> votes[:3]
['yea', 'yea', 'nay']

Now suppose that we are running a small business, and we need to get some basic descriptive statistics about last week’s daily sales, starting with the average (or mean) daily sales for the week. Recall from Section 1.2 that, to find the mean of a list of numbers, we need to first find their sum by iterating over the list. Iterating over the values in a list is essentially identical to iterating over the characters in a string, as illustrated below.

def mean(data):
    """Compute the mean of a list of numbers.

    Parameter:
        data: a list of numbers

    Return value: the mean of the numbers in data
    """

    sum = 0
    for item in data:
        sum = sum + item
    return sum / len(data)

In each iteration of the for loop, item is assigned the next value in the list named data, and then added to the running sum. After the loop, we divide the sum by the length of the list, which is retrieved with the same len function we used on strings.


Reflection 8.1 Does this work when the list is empty?



If data is the empty list ([ ]), then the value of len(data) is zero, resulting in a “division by zero” error in the return statement. We have several options to deal with this. First, we could just let the error happen. Second, if you read Section 7.2, we could use an assert statement to print an error message and abort. Third, we could detect this error with an if statement and return something that indicates that an error occurred. In this case, we will adopt the last option by returning None and indicating this possibility in the docstring.

 1 def mean(data):
 2     """Compute the mean of a non-empty list of numbers.
 3
 4     Parameter:
 5         data: a list of numbers
 6
 7     Return value: the mean of numbers in data or None if data is empty
 8     """
 9
10     if len(data) == 0:
11         return None
12
13     sum = 0
14     for item in data:
15         sum = sum + item
16     return sum / len(data)

This for loop is yet another example of an accumulator, and is virtually identical to the countLinks function that we developed in Section 4.1. To illustrate what is happening, suppose we call mean from the following main function.

def main():
    sales = [32, 42, 11, 15, 58, 44, 16]
    averageSales = mean(sales)
    print('Average daily sales were', averageSales)

main()

The call to mean(sales) above will effectively execute the following sequence of statements inside the mean function. The changing value of item assigned by the for loop is highlighted in red. The numbers on the left indicate which line in the mean function is being executed in each step.

14    sum = 0                     # sum is initialized
15    item = 32                   # for loop assigns 32 to item
16    sum = sum + item            # sum is assigned 0 + 32 = 32
15    item = 42                   # for loop assigns 42 to item

16    sum = sum + item            # sum is assigned 32 + 42 = 74
           ⋮
15    item = 16                   # for loop assigns 16 to item
16    sum = sum + item            # sum is assigned 202 + 16 = 218
17    return sum / len(data)      # returns 218 / 7 ≈ 31.14


Reflection 8.2 Fill in the missing steps above to see how the function arrives at a sum of 218.



The mean of a data set does not adequately describe it if there is a lot of variability in the data, i.e., if there is no “typical” value. In these cases, we need to accompany the mean with the variance, which is measure of how much the data varies from the mean. Computing the variance is left as Exercise 8.1.10.

Now let’s think about how to find the minimum and maximum sales in the list. Of course, it is easy for us to just look at a short list like the one above and pick out the minimum and maximum. But a computer does not have this ability. Therefore, as you think about these problems, it may be better to think about a very long list instead, one in which the minimum and maximum are not so obvious.


Reflection 8.3 Think about how you would write an algorithm to find the minimum value in a long list. (Similar to a running sum, keep track of the current minimum.)



As the hint suggests, we want to maintain the current minimum while we iterate over the list with a for loop. When we examine each item, we need to test whether it is smaller than the current minimum. If it is, we assign the current item to be the new minimum. The following function implements this algorithm.

def min(data):
    """Compute the minimum value in a non-empty list of numbers.

    Parameter:
        data: a list of numbers

    Return value: the minimum value in data or None if data is empty
    """

    if len(data) == 0:
        return None

    minimum = data[0]
    for item in data[1:]:
        if item < minimum:
            minimum = item
    return minimum

Before the loop, we initialize minimum to be the first value in the list, using indexing. Then we iterate over the slice of remaining values in the list. In each iteration, we compare the current value of item to minimum and, if item is smaller than minimum, update minimum to the value of item. At the end of the loop, minimum is assigned the smallest value in the list.


Reflection 8.4 If the list [32, 42, 11, 15, 58, 44, 16] is assigned to data, then what are the values of data[0] and data[1:]?



Let’s look at a small example of how this function works when we call it with the list containing only the first four numbers from the list above: [32, 42, 11, 15]. The function begins by assigning the value 32 to minimum. The first value of item is 42. Since 42 is not less than 32, minimum remains unchanged. In the next iteration of the loop, the third value in the list, 11, is assigned to item. In this case, since 11 is less than 32, the value of minimum is updated to 11. Finally, in the last iteration of the loop, item is assigned the value 15. Since 15 is greater than 11, minimum is unchanged. At the end, the function returns the final value of minimum, which is 11. A function to compute the maximum is very similar, so we leave it as an exercise.


Reflection 8.5 What would happen if we iterated over data instead of data[1:]? Would the function still work?



If we iterated over the entire list instead, the first comparison would be useless (because item and minimum would be the same) so it would be a little less efficient, but the function would still work fine.

Now what if we also wanted to know on which day of the week the minimum sales occurred? To answer this question, assuming we know how indices correspond to days of the week, we need to find the index of the minimum value in the list. As we learned in Chapter 6, we need to iterate over the indices in situations like this:

def minDay(data):
    """Compute the index of the minimum value in a non-empty list.

     Parameter:
         data: a list of numbers

     Return value: the index of the minimum value in data
                   or -1 if data is empty
     """

     if len(data) == 0:
         return -1

     minIndex = 0
     for index in range(1, len(data)):
         if data[index] < data[minIndex]:
             minIndex = index
     return minIndex

This function performs almost exactly the same algorithm as our previous min function, but now each value in the list is identified by data[index] instead of item and we remember the index of current minimum in the loop instead of the actual minimum value.


Reflection 8.6 How can we modify the minDay function to return a day of the week instead of an index, assuming the sales data starts on a Sunday.



One option would be to replace return minIndex with if/elif/else statements, like the following:

if minIndex == 0:
    return 'Sunday'
elif minIndex == 1:
    return 'Monday'
 ⋮
else:
    return 'Saturday'

But a more clever solution is to create a list of the days of the week that are in the same order as the sales data. Then we can simply use the value of minIndex as an index into this list to return the correct string.

days = ['Sunday', 'Monday', 'Tuesday', 'Wednesday', 'Thursday',
        'Friday', 'Saturday']
return days[minIndex]

There are many other descriptive statistics that we can use to summarize the contents of a list. The following exercises challenge you to implement some of them.


Exercises

8.1.1. Suppose a list is assigned to the variable name data. Show how you would


	print the length of data

	print the third element in data

	print the last element in data

	print the last three elements in data

	print the first four elements in data

	print the list consisting of the second, third, and fourth elements in data



8.1.2. In the mean function, we returned None if data was empty. Show how to modify the following main function so that it properly tests for this possibility and prints an appropriate message.

def main():
    someData = getInputFromSomewhere()
    average = mean(someData)
    print('The mean value is', average)

8.1.3. Write a function

sumList(data)

that returns the sum of all of the numbers in the list data. For example, sumList([1, 2, 3]) should return 6.

8.1.4. Write a function

sumOdds(data)

that returns the sum of only the odd integers in the list data. For example, sumOdds([1, 2, 3]) should return 4.

8.1.5. Write a function

countOdds(data)

that returns the number of odd integers in the list data. For example, countOdds([1, 2, 3]) should return 2.

8.1.6. Write a function

multiples5(data)

that returns the number of multiples of 5 in a list of integers. For example, multiples5([5, 7, 2, 10]) should return 2.

8.1.7. Write a function

countNames(words)

that returns the number of capitalized names in the list of strings named words. For example, countNames(['Fili', 'Oin', 'Thorin', 'and', 'Bilbo', 'are', 'characters', 'in', 'a', 'book', 'by', 'Tolkien']) should return 5.

8.1.8. The percentile associated with a particular value in a data set is the number of values that are less than or equal to it, divided by the total number of values, times 100. Write a function

percentile(data, value)

that returns the percentile of value in the list named data.

8.1.9. Write a function

meanSquares(data)

that returns the mean (average) of the squares of the numbers in a list named data.

8.1.10. Write a function

variance(data)

that returns the variance of a list of numbers named data. The variance is defined to be the mean of the squares of the numbers in the list minus the square of the mean of the numbers in the list. In your implementation, call your function from Exercise 8.1.9 and the mean function from this section.

8.1.11. Write a function

max(data)

that returns the maximum value in the list of numbers named data. Do not use the built-in max function.

8.1.12. Write a function

shortest(words)

that returns the shortest string in a list of strings named words. In case of ties, return the first shortest string. For example, shortest(['spider', 'ant', 'beetle', 'bug'] should return the string 'ant'.

8.1.13. Write a function

span(data)

that returns the difference between the largest and smallest numbers in the list named data. Do not use the built-in min and max functions. (But you may use your own functions.) For example, span([9, 4, 2, 1, 7, 7, 3, 2]) should return 8.

8.1.14. Write a function

maxIndex(data)

that returns the index of the maximum item in the list of numbers named data. Do not use the built-in max function.

8.1.15. Write a function

secondLargest(data)

that returns the second largest number in the list named data. Do not use the built-in max function. (But you may use your maxIndex function from Exercise 8.1.14.)

8.1.16. Write a function

search(data, target)

that returns True if the target is in the list named data, and False otherwise. Do not use the in operator to test whether an item is in the list. For example, search(['Tris', 'Tobias', 'Caleb'], 'Tris') should return True, but search(['Tris', 'Tobias', 'Caleb'], 'Peter') should return False.

8.1.17. Write a function

search(data, target)

that returns the index of target if it is found in the list named data, and -1 otherwise. Do not use the in operator or the index method to test whether items are in the list. For example, search(['Tris', 'Tobias', 'Caleb'], 'Tris') should return 0, but search(['Tris', 'Tobias', 'Caleb'], 'Peter') should return -1.

8.1.18. Write a function

intersect(data1, data2)

that returns True if the two lists named data1 and data2 have any common elements, and False otherwise. (Hint: use your search function from Exercise 8.1.16.) For example, intersect(['Katniss', 'Peeta', 'Gale'], ['Foxface', 'Marvel', 'Glimmer']) should return False, but intersect(['Katniss', 'Peeta', 'Gale'], ['Gale', 'Haymitch', 'Katniss']) should return True.

8.1.19. Write a function

differ(data1, data2)

that returns the first index at which the two lists data1 and data2 differ. If the two lists are the same, your function should return -1. You may assume that the lists have the same length. For example, differ(['CS', 'rules', '!'], ['CS', 'totally', 'rules!']) should return the index 1.

8.1.20. A checksum is a digit added to the end of a sequence of data to detect error in the transmission of the data. (This is a generalization of parity from Exercise 6.1.11 and similar to Exercise 6.3.17.) Given a sequence of decimal digits, the simplest way to compute a checksum is to add all of the digits and then find the remainder modulo 10. For example, the checksum for the sequence 48673 is 8 because (4 + 8 + 6 + 7 + 3) mod 10 = 28 mod 10 = 8. When this sequence of digits is transmitted, the checksum digit will be appended to the end of the sequence and checked on the receiving end. Most numbers that we use on a daily basis, including credit card numbers and ISBN numbers, as well as data sent across the Internet, include checksum digits. (This particular checksum algorithm is not particularly good, so “real” checksum algorithms are a bit more complicated; see, for example, Exercise 8.1.21.)


	Write a function
checksum(data)

that computes the checksum digit for the list of integers named data and returns the list with the checksum digit added to the end. For example, checksum([4, 8, 6, 7, 3]) should return the list [4, 8, 6, 7, 3, 8].

	Write a function
check(data)

that returns a Boolean value indicating whether the last integer in data is the correct checksum value.

	Demonstrate a transmission (or typing) error that could occur in the sequence [4, 8, 6, 7, 3, 8] (the last digit is the checksum digit) that would not be detected by the check function.



8.1.21. The Luhn algorithm is the standard algorithm used to validate credit card numbers and protect against accidental errors. Read about the algorithm online, and then write a function

validateLuhn(number)

that returns True if the number if valid and False otherwise. The number parameter will be a list of digits. For example, to determine if the credit card number 4563 9601 2200 1999 is valid, one would call the function with the parameter [4, 5, 6, 3, 9, 6, 0, 1, 2, 2, 0, 0, 1, 9, 9, 9]. (Hint: use a for loop that iterates in reverse over the indices of the list.)




8.2 CREATING AND MODIFYING LISTS

We often want to create or modify data, rather than just summarize it. We have already seen some examples of this with the list accumulators that we have used to build lists of data to plot. In this section, we will revisit some of these instances, and then build upon them to demonstrate some of the nuts and bolts of working with data stored in lists. Several of the projects at the end of this chapter can be solved using these techniques.


List accumulators, redux

We first encountered lists in Section 4.1 in a slightly longer version of the following function.

import matplotlib.pyplot as pyplot

def pond(years):
    """ (docstring omitted) """

    population = 12000
    populationList = [population]
    for year in range(1, years + 1):
        population = 1.08 * population - 1500
        populationList.append(population)
    pyplot.plot(range(years + 1), populationList)
    pyplot.show()
    return population

In the first red statement, the list named populationList is initialized to the single-item list [12000]. In the second red statement, inside the loop, each new population value is appended to the list. Finally, the list is plotted with the pyplot.plot function.

We previously called this technique a list accumulator, due to its similarity to integer accumulators. List accumulators can be applied to a variety of problems. For example, consider the find function from Section 6.5. Suppose that, instead of returning only the index of the first instance of the target string, we wanted to return a list containing the indices of all the instances:

def find(text, target):
    """ (docstring omitted) """

     indexList = []
     for index in range(len(text) - len(target) + 1):
         if text[index:index + len(target)] == target:
             indexList.append(index)
     return indexList

In this function, just as in the pond function, we initialize the list before the loop, and append an index to the list inside the loop (wherever we find the target string). At the end of the function, we return the list of indices. The function call

find('Well done is better than well said.', 'ell')

would return the list [1, 26]. On the other hand, the function call

find('Well done is better than well said.', 'Franklin')

would return the empty list [] because the condition in the if statement is never true.

This list accumulator pattern is so common that there is a shorthand for it called a list comprehension. You can learn more about list comprehensions by reading the optional material at the end of this section, starting on Page 368.



Lists are mutable

We can modify an existing list with append because, unlike strings, lists are mutable. In other words, the components of a list can be changed. We can also change individual elements in a list. For example, if we need to change the second value in the list of unemployment rates, we can do so:

>>> unemployment = [0.082, 0.092, 0.091, 0.063, 0.068, 0.052]
>>> unemployment[1] = 0.062
>>> unemployment
[0.082, 0.062, 0.091, 0.063, 0.068, 0.052]

We can change individual elements in a list because each of the elements is an independent reference to a value, like any other variable name. We can visualize the original unemployment list like this:

[image: ]

So the value 0.082 is assigned to the name unemployment[0], the value 0.092 is assigned to the name unemployment[1], etc. When we assigned a new value to unemployment[1] with unemployment[1] = 0.062, we were simply assigning a new value to the name unemployment[1], like any other assignment statement:

[image: ]

Suppose we wanted to adjust all of the unemployment rates in this list by subtracting one percent from each of them. We can do this with a for loop that iterates over the indices of the list.

>>> for index in range(len(unemployment)):
        unemployment[index] = unemployment[index] - 0.01
>>> unemployment
[0.072, 0.052, 0.081, 0.053, 0.058, 0.042]

This for loop is simply equivalent to the following six statements:

unemployment[0] = unemployment[0] - 0.01
unemployment[1] = unemployment[1] - 0.01
unemployment[2] = unemployment[2] - 0.01
unemployment[3] = unemployment[3] - 0.01
unemployment[4] = unemployment[4] - 0.01
unemployment[5] = unemployment[5] - 0.01


Reflection 8.7 Is it possible to achieve the same result by iterating over the values in the list instead? In other words, does the following for loop accomplish the same thing? (Try it.) Why or why not?



for rate in unemployment:
    rate = rate - 0.01

This loop does not modify the list because rate, which is being modified, is not a name in the list. So, although the value assigned to rate is being modified, the list itself is not. For example, at the beginning of the first iteration, 0.082 is assigned to rate, as illustrated below.

[image: ]

Then, when the modified value rate - 0.01 is assigned to rate, this only affects rate, not the original list, as illustrated below.

[image: ]


List parameters are mutable too

Now let’s put the correct loop above in a function named adjust that takes a list of unemployment rates as a parameter. We can then call the function with an actual list of unemployment rates that we wish to modify:

def adjust(rates):
    """Subtract one percent (0.01) from each rate in a list.

    Parameter:
        rates: a list of numbers representing rates (percentages)
    Return value: None
    """

    for index in range(len(rates)):
        rates[index] = rates[index] - 0.01

def main():
    unemployment = [0.053, 0.071, 0.065, 0.074]
    adjust(unemployment)
    print(unemployment)

main()

The list named unemployment is assigned in the main function and then passed in for the parameter rates to the adjust function. Inside the adjust function, every value in rates is decremented by 0.01. What effect, if any, does this have on the list assigned to unemployment? To find out, we need to look carefully at what happens when the function is called.

Right after the assignment statement in the main function, the situation looks like the following, with the variable named unemployment in the main namespace assigned the list [0.053, 0.071, 0.065, 0.074].

[image: ]

Now recall from Section 3.5 that, when an argument is passed to a function, it is assigned to its associated parameter. Therefore, immediately after the adjust function is called from main, the parameter rates is assigned the same list as unemployment:

[image: ]

After adjust executes, 0.01 has been subtracted from each value in rates, as the following picture illustrates.

[image: ]

But notice that, since the same list is assigned to unemployment, these changes will also be reflected in the value of unemployment back in the main function. In other words, after the adjust function returns, the picture looks like this:

[image: ]

So when unemployment is printed at the end of main, the adjusted list [0.043, 0.061, 0.055, 0.064] will be displayed.


Reflection 8.8 Why does the argument’s value change in this case when it did not in the parameter passing examples in Section 3.5? What is different?



The difference here is that lists are mutable. When you pass a mutable value as an argument, any changes to the associated formal parameter inside the function will be reflected in the value of the argument. Therefore, when we pass a list as an argument to a function, the values in the list can be changed inside the function.

What if we did not want to change the argument to the adjust function (i.e., unemployment), and instead return a new adjusted list? One alternative, illustrated in the function below, would be to make a copy of rates, using the list method copy, and then modify this copy instead.

def adjust(rates):
    """ (docstring omitted) """

    ratesCopy = rates.copy()
    for index in range(len(ratesCopy)):
        ratesCopy[index] = ratesCopy[index] - 0.01
    return ratesCopy

The copy method creates an independent copy of the list in memory, and returns a reference to this new list so that it can be assigned to a variable name (in this case, ratesCopy). There are other solutions to this problem as well, which we leave as exercises.




Tuples

Python offers another list-like object called a tuple. A tuple works just like a list, with two substantive differences. First, a tuple is enclosed in parentheses instead of square brackets. Second, a tuple is immutable. For example, as a tuple, the unemployment data would look like (0.053, 0.071, 0.065, 0.074).

Tuples can be used in place of lists in situations where the object being represented has a fixed length, and individual components are not likely to change. For example, colors are often represented by their (red, green, blue) components (see Box 3.2) and two-dimensional points by (x, y).

>>> point = (4, 2)
>>> point
(4,   2)
>>> green = (0, 255, 0)


Reflection 8.9 Try reassigning the first value in point to 7. What happens?



>>> point[0] = 7
TypeError: 'tuple' object does not support item assignment

Tuples are more memory efficient than lists because extra memory is set aside in a list for a few appends before more memory must be allocated.



List operators and methods

Two operators that we used to create new strings can also be used to create new lists. The repetition operator * creates a new list that is built from repeats of the contents of a smaller list. For example:

>>> empty = [0] * 5
>>> empty
[0, 0, 0, 0, 0]
>>> ['up', 'down'] * 4
['up', 'down', 'up', 'down', 'up', 'down', 'up', 'down']

The concatenation operator + creates a new list that is the result of “sticking” two lists together. For example:

>>> unemployment = [0.082, 0.092, 0.091, 0.063, 0.068, 0.052]
>>> unemployment = unemployment + [0.087, 0.101]
>>> unemployment
[0.082, 0.092, 0.091, 0.063, 0.068, 0.052, 0.087, 0.101]

Notice that the concatenation operator combines two lists to create a new list, whereas the append method inserts a new element into an existing list as the last element. In other words,

unemployment = unemployment + [0.087, 0.101]

accomplishes the same thing as the two statements

unemployment.append(0.087)
unemployment.append(0.101)

However, using concatenation actually creates a new list that is then assigned to unemployment, whereas using append modifies an existing list. So using append is usually more efficient than concatenation if you are just adding to the end of an existing list.


Reflection 8.10 How do the results of the following two statements differ? If you want to add the number 0.087 to the end of the list, which is correct?



unemployment.append(0.087)

and

unemployment.append([0.087])

The list class has several useful methods in addition to append. We will use many of these in the upcoming sections to solve a variety of problems. For now, let’s look at four of the most common methods: sort, insert, pop, and remove.

The sort method simply sorts the elements in a list in increasing order. For example, suppose we have a list of SAT scores that we would like to sort:

>>> scores = [620, 710, 520, 550, 640, 730, 600]
>>> scores.sort()
>>> scores
[520, 550, 600, 620, 640, 710, 730]

Note that the sort and append methods, as well as insert, pop and remove, do not return new lists; instead they modify the lists in place. In other words, the following is a mistake:

>>> scores = [620, 710, 520, 550, 640, 730, 600]
>>> newScores = scores.sort()


Reflection 8.11 What is the value of newScores after we execute the statement above?



Printing the value of newScores reveals that it refers to the value None because sort does not return anything (meaningful). However, scores was modified as we expected:

>>> newScores
>>> scores
[520, 550, 600, 620, 640, 710, 730]

The sort method will sort any list that contains comparable items, including strings. For example, suppose we have a list of names that we want to be in alphabetical order:

>>> names = ['Eric', 'Michael', 'Connie', 'Graham']
>>> names.sort()
>>> names
['Connie', 'Eric', 'Graham', 'Michael']


Reflection 8.12 What happens if you try to sort a list containing items that cannot be compared to each other? For example, try sorting the list [3, 'one', 4, 'two'].



The insert method inserts an item into a list at a particular index. For example, suppose we want to insert new names into the sorted list above to maintain alphabetical order:

    >>> names.insert(3, 'John')
    >>> names
    ['Connie', 'Eric', 'Graham', 'John', 'Michael']
    >>> names.insert(0, 'Carol')
    >>> names
    ['Carol', 'Connie', 'Eric', 'Graham', 'John', 'Michael']

The first parameter of the insert method is the index where the inserted item will reside after the insertion.

The pop method is the inverse of insert; pop deletes the list item at a given index and returns the deleted value. For example,

      >>> inMemoriam = names.pop(3)
      >>> names
      ['Carol', 'Connie', 'Eric', 'John', 'Michael']
      >>> inMemoriam
      'Graham'

If the argument to pop is omitted, pop deletes and returns the last item in the list.

The remove method also deletes an item from a list, but takes the value of an item as its parameter rather than its position. If there are multiple items in the list with the given value, the remove method only deletes the first one. For example,

      >>> names.remove('John')
      >>> names
      ['Carol', 'Connie', 'Eric', 'Michael']


Reflection 8.13 What happens if you try to remove 'Graham' from names now?





*List comprehensions

As we mentioned at the beginning of this section, the list accumulator pattern is so common that there is a shorthand for it called a list comprehension. A list comprehension allows us to build up a list in a single statement. For example, suppose we wanted to create a list of the first 15 even numbers. Using a for loop, we can construct the desired list with:

      evens = [ ]
      for i in range(15):
          evens.append(2 * i)

An equivalent list comprehension looks like this:

      evens = [2 * i for i in range(15)]

The first part of the list comprehension is an expression representing the items we want in the list. This is the same as the expression that would be passed to the append method if we constructed the list the “long way” with a for loop. This expression is followed by a for loop clause that specifies the values of an index variable for which the expression should be evaluated. The for loop clause is also identical to the for loop that we would use to construct the list the “long way.” This correspondence is illustrated below:

Box 8.1: NumPy arrays


NumPy is a Python module that provides a different list-like class named array. (Because the numpy module is required by the matplotlib module, you should already have it installed.) Unlike a list, a NumPy array is treated as a mathematical vector. There are several different ways to create a new array. We will only illustrate two:

       >>> import numpy
       >>> a = numpy.array([1, 2, 3, 4, 5])
       >>> print(a)
       [1 2 3 4 5]
       >>> b = numpy.zeros(5)
       >>> print(b)
       [ 0. 0. 0. 0. 0.]

In the first case, a was assigned an array created from a list of numbers. In the second, b was assigned an array consisting of 5 zeros. One advantage of an array over a list is that arithmetic operations and functions are applied to each of an array object’s elements individually. For example:

       >>> print(a * 3)
       [ 3 6 9 12 15]
       >>> c = numpy.array([3, 4, 5, 6, 7])
       >>> print(a + c)
       [ 4 6 8 10 12]

There are also many functions and methods available to array objects. For example:

       >>> print(c.sum())
       25
       >>> print(numpy.sqrt(c))
       [ 1.73205081 2.           2.23606798   2.44948974   2.64575131]

An array object can also have more than one dimension, as we will discuss in Chapter 9. If you are interested in learning more about NumPy, visit http://www.numpy.org.
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List comprehensions can also incorporate if statements. For example, suppose we wanted a list of the first 15 even numbers that are not divisible by 6. A for loop to create this list would look just like the previous example, with an additional if statement that checks that 2 * i is not divisible by 6 before appending it:

      evens = [ ]
      for i in range(15):
          if 2 * i % 6 != 0:
              evens.append(2 * i)

This can be reproduced with a list comprehension that looks like this:

evens = [2 * i for i in range(15) if 2 * i % 6 != 0]

The corresponding parts of this loop and list comprehension are illustrated below:

[image: ]

In general, the initial expression in a list comprehension can be followed by any sequence of for and if clauses that specify the values for which the expression should be evaluated.


Reflection 8.14 Rewrite the find function on Page 361 using a list comprehension.



The find function can be rewritten with the following list comprehension.

def find(text, target):
    """ (docstring omitted) """

    return [index for index in range(len(text) - len(target) + 1)
            if text[index:index + len(target)] == target]

Look carefully at the corresponding parts of the original loop version and the list comprehension version, as we did above.



Exercises

8.2.1. Show how to add the string 'grapes' to the end of the following list using both concatenation and the append method.

fruit = ['apples', 'pears', 'kiwi']

8.2.2. Write a function

squares(n)

that returns a list containing the squares of the integers 1 through n. Use a for loop.

8.2.3. (This exercise assumes that you have read Section 6.7.) Write a function

getCodons(dna)

that returns a list containing the codons in the string dna. Your algorithm should use a for loop.

8.2.4. Write a function

square(data)

that takes a list of numbers named data and squares each number in data in place. The function should not return anything. For example, if the list [4, 2, 5] is assigned to a variable named numbers then, after calling square(numbers), numbers should have the value [16, 4, 25].

8.2.5. Write a function

swap(data, i, j)

that swaps the positions of the items with indices i and j in the list named data.

8.2.6. Write a function

reverse(data)

that reverses the list data in place. Your function should not return anything. (Hint: use the swap function you wrote above.)

8.2.7. Suppose you are given a list of 'yea' and 'nay' votes. Write a function

winner(votes)

that returns the majority vote. For example, winner(['yea', 'nay', 'yea']) should return 'yea'. If there is a tie, return 'tie'.

8.2.8. Write a function

delete(data, index)

that returns a new list that contains the same elements as the list data except for the one at the given index. If the value of index is negative or exceeds the length of data, return a copy of the original list. Do not use the pop method. For example, delete([3, 1, 5, 9], 2) should return the list [3, 1, 9].

8.2.9. Write a function

remove(data, value)

that returns a new list that contains the same elements as the list data except for those that equal value. Do not use the builit-in remove method. Note that, unlike the built-in remove method, your function should remove all items equal to value. For example, remove([3, 1, 5, 3, 9], 3) should return the list [1, 5, 9].

8.2.10. Write a function

centeredMean(data)

that returns the average of the numbers in data with the largest and smallest numbers removed. You may assume that there are at least three numbers in the list. For example, centeredMean([2, 10, 3, 5]) should return 4.

8.2.11. On Page 365, we showed one way to write the adjust function so that it returned an adjusted list rather than modifying the original list. Give another way to accomplish the same thing.

8.2.12. Write a function

shuffle(data)

that shuffles the items in the list named data in place, without using the shuffle function from the random module. Instead, use the swap function you wrote in Exercise 8.2.5 to swap 100 pairs of randomly chosen items. For each swap, choose a random index for the first item and then choose a greater random index for the second item.

8.2.13. We wrote the following loop on Page 362 to subtract 0.01 from each value in a list:

             for index in range(len(unemployment)):
                 unemployment[index] = unemployment[index] - 0.01

Carefully explain why the following loop does not accomplish the same thing.

             for rate in unemployment:
                 rate = rate - 0.01

8.2.14. Write a function

smooth(data, windowLength)

that returns a new list that contains the values in the list data, averaged over a window of the given length. This is the problem that we originally introduced in Section 1.3.

8.2.15. Write a function

median(data)

that returns the median number in a list of numbers named data.

8.2.16. Consider the following alphabetized grocery list:

groceries = ['cookies', 'gum', 'ham', 'ice cream', 'soap']

Show a sequence of calls to list methods that insert each of the following into their correct alphabetical positions, so that the final list is alphabetized:


	'jelly beans'

	'donuts'

	'bananas'

	'watermelon'



Next, show a sequence of calls to the pop method that delete each of the following items from the final list above.


	'soap'

	'watermelon'

	'bananas'

	'ham'



8.2.17. Given n people in a room, what is the probability that at least one pair of people shares a birthday? To answer this question, first write a function

sameBirthday(people)

that creates a list of people random birthdays and returns True if two birthdays are the same, and False otherwise. Use the numbers 0 to 364 to represent 365 different birthdays. Next, write a function

birthdayProblem(people, trials)

that performs a Monte Carlo simulation with the given number of trials to approximate the probability that, in a room with the given number of people, two people share a birthday.

8.2.18. Write a function that uses your solution to the previous problem to return the smallest number of people for which the probability of a pair sharing a birthday is at least 0.5.

8.2.19. Rewrite the squares function from Exercise 8.2.2 using a list comprehension.

8.2.20. (This exercise assumes that you have read Section 6.7.) Rewrite the getCodons function from Exercise 8.2.3 using a list comprehension.




8.3 FREQUENCIES, MODES, AND HISTOGRAMS

In addition to the mean and range of a list of data, which are single values, we might want to learn how data values are distributed throughout the list. The number of times that a value appears in a list is called its frequency. Once we know the frequencies of values in a list, we can represent them visually with a histogram and find the most frequent value(s), called the mode(s).


Tallying values

To get a sense of how we might compute the frequencies of values in a list, let’s consider the ocean buoy temperature readings that we first encountered in Chapter 1. As we did then, let’s simplify matters by just considering one week’s worth of data:

temperatures = [18.9, 19.1, 18.9, 19.0, 19.3, 19.2, 19.3]

Now we want to iterate over the list, keeping track of the frequency of each value that we see. We can imagine using a simple table for this purpose. After we see the first value in the list, 18.9, we create an entry in the table for 18.9 and mark its frequency with a tally mark.
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The second value in the list is 19.1, so we create another entry and tally mark.

[image: ]

The third value is 18.9, so we add another tally mark to the 18.9 column.

[image: ]

The fourth value is 19.0, so we create another entry in the table with a tally mark.

[image: ]

Continuing in this way with the rest of the list, we get the following final table.

[image: ]

Or, equivalently:

[image: ]

Now to find the mode, we find the maximum frequency in the table, and then return a list of the values with this maximum frequency: [18.9, 19.3].



Dictionaries

Notice how the frequency table resembles the picture of a list on Page 361, except that the indices are replaced by temperatures. In other words, the frequency table looks like a generalized list in which the indices are replaced by values that we choose. This kind of abstract data type is called a dictionary. In a dictionary, each index is replaced with a more general key. Unlike a list, in which the indices are implicit, a dictionary in Python (called a dict object) must define the correspondence between a key and its value explicitly with a key:value pair. To differentiate it from a list, a dictionary is enclosed in curly braces ({ }). For example, the frequency table above would be represented in Python like this:

>>> frequency = {18.9: 2, 19.1: 1, 19.0: 1, 19.2: 1, 19.3: 2}

The first pair in frequency has key 18.9 and value 2, the second item has key 19.1 and value 1, etc.

If you type the dictionary above in the Python shell, and then display it, you might notice something unexpected:

>>> frequency
{19.0: 1, 19.2: 1, 18.9: 2, 19.1: 1, 19.3: 2}

The items appear in a different order than they were originally. This is okay because a dictionary is an unordered collection of pairs. The displayed ordering has to do with the way dictionaries are implemented, using a structure called a hash table. If you are interested, you can learn a bit more about hash tables in Box 8.2.

Each entry in a dictionary object can be referenced using the familiar indexing notation, but using a key in the square brackets instead of an index. For example:

>>> frequency[19.3]
2
>>> frequency[19.1]
1

As we alluded to above, the model of a dictionary in memory is similar to a list (except that there is no significance attached to the ordering of the key values):
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Each entry in the dictionary is a reference to a value in the same way that each entry in a list is a reference to a value. So, as with a list, we can change any value in a dictionary. For example, we can increment the value associated with the key 19.3:

>>> frequency[19.3] = frequency[19.3] + 1

Now let’s use a dictionary to implement the algorithm that we developed above to find frequencies and the mode(s) of a list. To begin, we will create an empty dictionary named frequency in which to record our tally marks:

def mode(data):
    """Compute the mode of a non-empty list.

    Parameter:
        data: a list of items

    Return value: the mode of the items in data
    """

    frequency = { }

Box 8.2: Hash tables


A Python dictionary is implemented with a structure called a hash table. A hash table contains a fixed number of indexed slots in which the key:value pairs are stored. The slot assigned to a particular key:value pair is determined by a hash function that “translates” the key to a slot index. The picture below shows how some items in the frequency dictionary might be placed in an underlying hash table.
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In this illustration, the hash function associates the pair 18.9: 2 with slot index 3, 19.1: 1 with slot index 4, and 19.0: 1 with slot index 0.

The underlying hash table allows us to access a value in a dictionary (e.g., frequency[18.9]) or test for inclusion (e.g., key in frequency) in a constant amount of time because each operation only involves a hash computation and then a direct access (like indexing in a string or a list). In contrast, if the pairs were stored in a list, then the list would need to be searched (in linear time) to perform these operations.

Unfortunately, this constant-time access could be foiled if a key is mapped to an occupied slot, an event called a collision. Collisions can be resolved by using adjacent slots, using a second hash function, or associating a list of items with each slot. A good hash function tries to prevent collisions by assigning slots in a seemingly random manner, so that keys are evenly distributed in the table and similar keys are not mapped to the same slot. Because hash functions tend to be so good, we can still consider an average dictionary access to be a constant-time operation, or one elementary step, even with collisions.



Each entry in this dictionary will have its key equal to a unique item in data and its value equal to the item’s frequency count. To tally the frequencies, we need to iterate over the items in data. As in our tallying algorithm, if there is already an entry in frequency with a key equal to the item, we will increment the item’s associated value; otherwise, we will create a new entry with frequency[item] = 1. To differentiate between the two cases, we can use the in operator: item in frequency evaluates to True if there is a key equal to item in the dictionary named frequency.

       for item in data:
           if item in frequency:    # item is already a key in frequency
               frequency[item] = frequency[item] + 1 # count the item
           else:
               frequency[item] = 1 # create a new entry item: 1

The next step is to find the maximum frequency in the dictionary. Since the frequencies are the values in the dictionary, we need to extract a list of the values, and then find the maximum in this list. A list of the values in a dictionary object is returned by the values method, and a list of the keys is returned by the keys method. For example, if we already had the complete frequency dictionary for the example above, we could extract the values with

>>> frequency.values()
dict_values([1, 1, 2, 1, 2])

The values method returns a special kind of object called a dict_values object, but we want the values in a list. To convert the dict_values object to a list, we simply use the list function:

>>> list(frequency.values())
[1, 1, 2, 1, 2]

We can get a list of keys from a dictionary in a similar way:

    >>> list(frequency.keys())
    [19.0, 19.2, 18.9, 19.1, 19.3]

The resulting lists will be in whatever order the dictionary happened to be stored, but the values and keys methods are guaranteed to produce lists in which every key in a key:value pair is in the same position in the list of keys as its corresponding value is in the list of values.

Returning to the problem at hand, we can use the values method to retrieve the list of frequencies, and then find the maximum frequency in that list:

      frequencyValues = list(frequency.values())
      maxFrequency = max(frequencyValues)

Finally, to find the mode(s), we need to build a list of all the items in data with frequency equal to maxFrequency. To do this, we iterate over all the keys in frequency, appending to the list of modes each key that has a value equal to maxFrequency. Iterating over the keys in frequency is done with the familiar for loop. When the for loop is done, we return the list of modes.

         modes = [ ]
         for key in frequency:
             if frequency[key] == maxFrequency:
                 modes.append(key)

         return modes

With all of these pieces in place, the complete function looks like the following.
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Figure 8.1 A histogram displaying the frequency of each temperature reading in the list [18.9, 19.1, 18.9, 19.0, 19.3, 19.2, 19.3].




def mode(data):
    """ (docstring omitted) """

    frequency = { }

    for item in data:
        if item in frequency:
            frequency[item] = frequency[item] + 1
        else:
            frequency[item] = 1

    frequencyValues = list(frequency.values())
    maxFrequency = max(frequencyValues)

    modes = [ ]
    for key in frequency:
        if frequency[key] == maxFrequency:
            modes.append(key)

    return modes

As a byproduct of computing the mode, we have also done all of the work necessary to create a histogram for the values in data. The histogram is simply a vertical bar chart with the keys on the x-axis and the height of the bars equal to the frequency of each key. We leave the creation of a histogram as Exercise 8.3.7. As an example, Figure 8.1 shows a histogram for our temperatures list.

We can use dictionaries for a variety of purposes beyond counting frequencies. For example, as the name suggests, dictionaries are well suited for handling translations. The following dictionary associates a meaning with each of three texting abbreviations.

>>> translations = {'lol': 'laugh out loud', 'u': 'you', 'r': 'are'}

We can find the meaning of lol with

    >>> translations['lol']
    'laugh out loud'

There are more examples in the exercises that follow.



Exercises

8.3.1. Write a function

printFrequencies(frequency)

that prints a formatted table of frequencies stored in the dictionary named frequency. The key values in the table must be listed in sorted order. For example, for the dictionary in the text, the table should look something like this:

             Key       Frequency
             18.9         2
             19.0         1
             19.1         1
             19.2         1
             19.3         2

(Hint: iterate over a sorted list of keys.)

8.3.2. Write a function

wordFrequency(text)

that returns a dictionary containing the frequency of each word in the string text. For example, wordFrequency('I am I.') should return the dictionary {'I': 2, 'am': 1}. (Hint: the split and strip string methods will be useful; see Appendix B.)

8.3.3. The probability mass function (PMF) of a data set gives the probability of each value in the set. A dictionary representing the PMF is a frequency dictionary with each frequency value divided by the total number of values in the original data set. For example, the probabilities for the values represented in the table in Exercise 8.3.1 are shown below.

             Key        Probability
             18.9          2/7
             19.0          1/7
             19.1          1/7
             19.2          1/7
             19.3          2/7

Write a function

pmf(frequency)

that returns a dictionary containing the PMF of the frequency dictionary passed as a parameter.

8.3.4. Write a function

wordFrequencies(fileName)

that prints an alphabetized table of word frequencies in the text file with the given fileName.

8.3.5. Write a function

firstLetterCount(words)

that takes as a parameter a list of strings named words and returns a dictionary with lower case letters as keys and the number of words in words that begin with that letter (lower or upper case) as values. For example, if the list is ['ant', 'bee', 'armadillo', 'dog', 'cat'], then your function should return the dictionary {'a': 2, 'b': 1, 'c': 1, 'd': 1}.

8.3.6. Similar to the Exercise 8.3.5, write a function

firstLetterWords(words)

that takes as a parameter a list of strings named words and returns a dictionary with lower case letters as keys. But now associate with each key the list of the words in words that begin with that letter. For example, if the list is ['ant', 'bee', 'armadillo', 'dog', 'cat'], then your function should return the dictionary {'a': ['ant', 'armadillo'], 'b': ['bee'], 'c': ['cat'], 'd': ['dog']}.

8.3.7. Write a function

histogram(data)

that displays a histogram of the values in the list data using the bar function from matplotlib. The matplotlib function bar(x, heights, align = 'center') draws a vertical bar plot with bars of the given heights, centered at the x-coordinates in x. The bar function defines the widths of the bars with respect to the range of values on the x-axis. Therefore, if frequency is the name of your dictionary, it is best to pass in range(len(frequency)), instead of list(frequency.keys()), for x. Then label the bars on the x-axis with the matplotlib function xticks(range(len(frequency)), list(frequency.keys())).

8.3.8. Write a function

bonus(salaries)

that takes as a parameter a dictionary named salaries, with names as keys and salaries as values, and increases the salary of everyone in the dictionary by 5%.

8.3.9. Write a function

updateAges(names, ages)

that takes as parameters a list of names of people whose birthday it is today and a dictionary named ages, with names as keys and ages as values, and increments the age of each person in the dictionary whose birthday is today.

8.3.10. Write a function

seniorList(students, year)

that takes as a parameter a dictionary named students, with names as keys and class years as values, and returns a list of names of students who are graduating in year.

8.3.11. Write a function

createDictionary()

that creates a dictionary, inserts several English words as keys and the Pig Latin (or any other language) translations as values, and then returns the completed dictionary.

Next write a function

translate()

that calls your createDictionary function to create a dictionary, and then repeatedly asks for a word to translate. For each entered word, it should print the translation using the dictionary. If a word does not exist in the dictionary, the function should say so. The function should end when the word quit is typed.

8.3.12. Write a function

txtTranslate(word)

that uses a dictionary to return the English meaning of the texting abbreviation word. Incorporate translations for at least ten texting abbreviations. If the abbreviation is not in the dictionary, your function should return a suitable string message instead. For example, txtTranslate('lol') might return 'laugh out loud'.

8.3.13. Write a function

login(passwords)

that takes as a parameter a dictionary named passwords, with usernames as keys and passwords as values, and repeatedly prompts for a username and password until a valid pair is entered. Your function should continue to prompt even if an invalid username is entered.

8.3.14. Write a function

union(dict1, dict2)

that returns a new dictionary that contains all of the entries of the two dictionaries dict1 and dict2. If the dictionaries share a key, use the value in the first dictionary. For example, union({'pies': 3, 'cakes': 5}, {'cakes': 4, 'tarts': 2} should return the dictionary {'pies': 3, 'cakes': 5, 'tarts': 2}.

8.3.15. The Mohs hardness scale rates the hardness of a rock or mineral on a 10-point scale, where 1 is very soft (like talc) and 10 is very hard (like diamond). Suppose we have a list such as

rocks = [('talc', 1), ('lead', 1.5), ('copper', 3),
         ('nickel', 4), ('silicon', 6.5), ('emerald', 7.5),
         ('boron', 9.5), ('diamond', 10)]

where the first element of each tuple is the name of a rock or mineral, and the second element is its hardness. Write a function

 hardness(rocks)

that returns a dictionary organizing the rocks and minerals in such a list into four categories: soft (1–3), medium (3.1–5), hard (5.1–8), and very hard (8.1–10). For example, given the list above, the function would return the dictionary

{'soft': ['talc', 'lead', 'copper'],
 'medium': ['nickel'],
 'hard': ['silicon', 'emerald'],
 'very hard': ['boron', 'diamond']}

8.3.16. (This exercise assumes that you have read Section 6.7.) Rewrite the complement function on page 302 using a dictionary. (Do not use any if statements.)

8.3.17. (This exercise assumes that you have read Section 6.7.) Suppose we have a set of homologous DNA sequences with the same length. A profile for these sequences contains the frequency of each base in each position. For example, suppose we have the following five sequences, lined up in a table:
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Their profile is shown below the sequences. The first column of the profile indicates that there is one sequence with a C in its first position and four sequences with a G in their first position. The second column of the profile shows that there are two sequences with A in their second position, two sequences with C in their second position, and one sequence with G in its second position. And so on. The consensus sequence for a set of sequences has in each position the most common base in the profile. The consensus for this list of sequences is shown below the profile.

A profile can be implemented as a list of 4-element dictionaries, one for each column. A consensus sequence can then be constructed by finding the base with the maximum frequency in each position. In this exercise, you will build up a function to find a consensus sequence in four parts.


	Write a function
profile1(sequences, index)

that returns a dictionary containing the frequency of each base in position index in the list of DNA sequences named sequences. For example, suppose we pass in the list ['GGTTC', 'GATTA', 'GCATA', 'CAATC', 'GCATA'] for sequences (the sequences from the example above) and the value 2 for index. Then the function should return the dictionary {'A': 3, 'C': 0, 'G': 0, 'T': 2}, equivalent to the third column in the profile above.


	Write a function
profile(sequences)

that returns a list of dictionaries representing the profile for the list of DNA sequences named sequences. For example, given the list of sequences above, the function should return the list

[{'A':   0,   'C':   1,   'G':   4,   'T':   0},
 {'A':   2,   'C':   2,   'G':   1,   'T':   0},
 {'A':   3,   'C':   0,   'G':   0,   'T':   2},
 {'A':   0,   'C':   0,   'G':   0,   'T':   5},
 {'A':   3,   'C':   2,   'G':   0,   'T':   0}]

Your profile function should call your profile1 function in a loop.


	Write a function
maxBase(freqs)

that returns the base with the maximum frequency in a dictionary of base frequencies named freqs. For example,

maxBase({'A': 0, 'C': 1, 'G': 4, 'T': 0})

should return 'G'.


	Write a function
consensus(sequences)

that returns the consensus sequence for the list of DNA sequences named sequences. Your consensus function should call your profile function and also call your maxBase function in a loop.







8.4 READING TABULAR DATA

In Section 6.2, we read one-dimensional text from files and designed algorithms to analyze the text in various ways. A lot of data, however, is maintained in the form of two-dimensional tables instead. For example, the U.S. Geological Survey (USGS) maintains up-to-the-minute tabular data about earthquakes happening around the world at http://earthquake.usgs.gov/earthquakes/feed/v1.0/csv.php. Earthquakes typically occur on the boundaries between tectonic plates. Therefore, by extracting this data into a usable form, and then plotting the locations of the earthquakes with matplotlib, we can visualize the locations of the earth’s tectonic plates.

The USGS earthquake data is available in many formats, the simplest of which is called CSV, short for “comma-separated values.” The first few columns of a USGS data file look like the following.

time,latitude,longitude,depth,mag,magType,...
2013-09-24T20:01:22.700Z,40.1333,-123.863,29,1.8,Md,...
2013-09-24T18:57:59.000Z,59.8905,-151.2392,56.4,2.5,Ml,...
2013-09-24T18:51:19.100Z,37.3242,-122.1015,0.3,1.8,Md,...
2013-09-24T18:40:09.100Z,34.3278,-116.4663,8.5,1.2,Ml,...
2013-09-24T18:20:06.300Z,35.0418,-118.3227,1.3,1.4,Ml,...
2013-09-24T18:09:53.700Z,32.0487,-115.0075,28,3.2,Ml,...

As you can see, CSV files contain one row of text per line, with columns separated by commas. The first row contains the names of the fifteen columns in this file, only six of which are shown here. Each additional row consists of fifteen columns of data from one earthquake. The first earthquake in this file was first detected at 20:01 UTC (Coordinated Universal Time) on 2013-09-24 at 40.1333 degrees latitude and –123.863 degrees longitude. The earthquake occurred at a depth of 29 km and had magnitude 1.8.

The CSV file containing data about all of the earthquakes in the past month is available on the web at the URL

http://earthquake.usgs.gov/earthquakes/feed/v1.0/summary/all_month.csv

(If you have trouble with this file, you can try smaller files by replacing all_month with 2.5_month or 4.5_month. The numbers indicate the minimum magnitude of the earthquakes included in the file.)


Reflection 8.15 Enter the URL above into a web browser to see the data file for yourself. About how many earthquakes were recorded in the last month?



We can read the contents of CSV files in Python using the same techniques that we used in Section 6.2. We can either download and save this file manually (and then read the file from our program), or we can download it directly from our program using the urllib.request module. We will use the latter method.

To begin our function, we will open the URL, and then read the header row containing the column names, as follows. (We do not actually need the header row; we just need to get past it to get to the data.)

import urllib.request as web

def plotQuakes():
    """Plot the locations of all earthquakes in the past month.

    Parameters: None

    Return value: None
    """


    url = 'http://earthquake.usgs.gov/...' # see above for full URL
    quakeFile = web.urlopen(url)
    header = quakeFile.readline()

To visualize fault boundaries with matplotlib, we will need all the longitude (x) values in one list and all the latitude (y) values in another list. In our plot, we will color the points according to their depths, so we will also need to extract the depths of the earthquakes in a third list. To maintain an association between the latitude, longitude, and depth of a particular earthquake, we will need these lists to be parallel in the sense that, at any particular index, the longitude, latitude, and depth at that index belong to the same earthquake. In other words, if we name these three lists longitudes, latitudes, and depths, then for any value of index, longitudes[index], latitudes[index], and depths[index] belong to the same earthquake.

In our function, we next initialize these three lists to be empty and begin to iterate over the lines in the file:

longitudes = []
latitudes = []
depths = []
for line in quakeFile:
    line = line.decode('utf-8')

To extract the necessary information from each line of the file, we can use the split method from the string class. The split method splits a string at every instance of a given character, and returns a list of strings that result. For example, 'this;is;a;line'.split(';') returns the list of strings ['this', 'is', 'a', 'line']. (If no argument is given, it splits at strings of whitespace characters.) In this case, we want to split the string line at every comma:

row = line.split(',')


[image: image]

Figure 8.2 Plotted earthquake locations with colors representing depths (yellow dots are shallower, red dots are medium, and blue dots are deeper).



The resulting list named row will have the time of the earthquake at index 0, the latitude at index 1, the longitude at index 2 and the depth at index 3, followed by 11 additional columns that we will not use. Note that each of these values is a string, so we will need to convert each one to a number using the float function. After converting each value, we append it to its respective list:

         latitudes.append(float(row[1]))
         longitudes.append(float(row[2]))
         depths.append(float(row[3]))

Finally, after the loop completes, we close the file.

     quakeFile.close()

Once we have the data from the file in this format, we can plot the earthquake epicenters, and depict the depth of each earthquake with a color. Shallow (less than 10 km deep) earthquakes will be yellow, medium depth (between 10 and 50 km) earthquakes will be red, and deep earthquakes (greater than 50 km deep) will be blue. In matplotlib, we can color each point differently by passing the scatter function a list of colors, one for each point. To create this list, we iterate over the depths list and, for each depth, append the appropriate color string to another list named colors:

    colors = []
    for depth in depths:
        if depth < 10:
             colors.append('yellow')
        elif depth < 50:
             colors.append('red')
        else:
             colors.append('blue')

Finally, we can plot the earthquakes in their respective colors:

    pyplot.scatter(longitudes, latitudes, 10, color = colors)
    pyplot.show()

In the call to scatter above, the third argument is the square of the size of the point marker, and color = colors is a keyword argument. (We also saw keyword arguments briefly in Section 4.1.) The name color is the name of a parameter of the scatter function, for which we are passing the argument colors. (We will only use keyword arguments with matplotlib functions, although we could also use them in our functions if we wished to do so.)

The complete plotQuakes function is shown below.

import urllib.request as web
import matplotlib.pyplot as pyplot

def plotQuakes():
    """Plot the locations of all earthquakes in the past month.

    Parameters: None

    Return value: None
    """

    url = 'http://earthquake.usgs.gov/...' # see above for full URL
    quakeFile = web.urlopen(url)
    header = quakeFile.readline()

    longitudes = []
    latitudes = []
       depths = []
    for line in quakeFile:
        line = line.decode('utf-8')
        row = line.split(',')
        latitudes.append(float(row[1]))
        longitudes.append(float(row[2]))
        depths.append(float(row[3]))
   quakeFile.close()

   colors = []
   for depth in depths:
       if depth < 10:
           colors.append('yellow')
       elif depth < 50:
           colors.append('red')
       else:
           colors.append('blue')

   pyplot.scatter(longitudes, latitudes, 10, color = colors)
   pyplot.show()

The plotted earthquakes are shown in Figure 8.2 over a map background. (Your plot will not show the map, but if you would like to add it, look into the Basemap class from the mpl_toolkits.basemap module.) Geologists use illustrations like Figure 8.2 to infer the boundaries between tectonic plates.


Reflection 8.16 Look at Figure 8.2 and try to identify the different tectonic plates. Can you infer anything about the way neighboring plates interact from the depth colors?



For example, the ring of red and yellow dots around Africa encloses the African plate, and the dense line of blue and red dots northwest of Australia delineates the boundary between the Eurasian and Australian plates. The depth information gives geologists information about the types of the boundaries and the directions in which the plates are moving. For example, the shallow earthquakes on the west coast of North America mark a divergent boundary in which the plates are moving away from each other, while the deeper earthquakes in the Aleutian islands near Alaska mark a subduction zone on a convergent boundary where the Pacific plate to the south is diving underneath the North American plate to the north.


Exercises

8.4.1. Modify plotQuakes so that it also reads earthquake magnitudes into a list, and then draws larger circles for higher magnitude earthquakes. The sizes of the circles can be changed by passing a list of sizes, similar to the list of colors, as the third argument to the scatter function.

8.4.2. Modify the function from Exercise 8.3.5 so that it takes a file name as a parameter and uses the words from this file instead. Test your function using the SCRABBLE® dictionary on the book web site.1

8.4.3. Modify the function from Exercise 8.3.13 so that it takes a file name as a parameter and creates a username/password dictionary with the usernames and passwords in that file before it starts prompting for a username and password. Assume that the file contains one username and password per line, separated by a space. There is an example file on the book web site.

8.4.4. Write a function

plotPopulation()

that plots the world population over time from the tab-separated data file on the book web site named worldpopulation.txt. To read a tab-separated file, split each line with line.split('\t'). These figures are U.S. Census Bureau midyear population estimates from 1950–2050. Your function should create two plots. The first shows the years on the x-axis and the populations on the y-axis. The second shows the years on the x-axis and the annual growth rate on the y-axis. The growth rate is the difference between this year’s population and last year’s population, divided by last year’s population. Be sure to label your axes in both plots with the xlabel and ylabel functions. What is the overall trend in world population growth? Do you have any hypotheses regarding the most significant spikes and dips?

8.4.5. Write a function

plotMeteorites()

that plots the location (longitude and latitude) of every known meteorite that has fallen to earth, using a tab-separated data file from the book web site named meteoritessize.txt. Split each line of a tab-separated file with line.split('\t'). There are large areas where no meteorites have apparently fallen. Is this accurate? Why do you think no meteorites show up in these areas?

8.4.6. Write a function

plotTemps()

that reads a CSV data file from the book web site named madison_temp.csv to plot several years of monthly minimum temperature readings from Madison, Wisconsin. The temperature readings in the file are integers in tenths of a degree Celsius and each date is expressed in YYYYMMDD format. Rather than putting every date in a list for the x-axis, just make a list of the years that are represented in the file. Then plot the data and put a year label at each January tick with

pyplot.plot(range(len(minTemps)), minTemps)
pyplot.xticks(range(0, len(minTemps), 12), years)

The first argument to the xticks function says to only put a tick at every twelfth x value, and the second argument supplies the list of years to use to label those ticks. It will be helpful to know that the data file starts with a January 1 reading.

8.4.7. Write a function

plotZebras()

that plots the migration of seven Burchell’s zebra in northern Botswana. (The very interesting story behind this data can be found at https://www.movebank.org/node/11921.) The function should read a CSV data file from the book web site named zebra.csv. Each line in the data file is a record of the location of an individual zebra at a particular time. Each individual has a unique identifier. There are over 50,000 records in the file. For each record, your function should extract the individual identifier (column index 9), longitude (column index 3), and latitude (column index 4). Store the data in two dictionaries, each with a key equal to an identifier. The values in the two dictionaries should be the longitudes and latitudes, respectively, of all tracking events for the zebra with that identifier. Plot the locations of the seven zebras in seven different colors to visualize their migration patterns.

How can you determine from the data which direction the zebras are migrating?

8.4.8. On the book web site, there is a tab-separated data file named education.txt that contains information about the maximum educational attainment of U.S. citizens, as of 2013. Each non-header row contains the number of people in a particular category (in thousands) that have attained each of fifteen different educational levels. Look at the file in a text editor (not a spreadsheet program) to view its contents. Write a function

plotEducation()

that reads this data and then plots separately (but in one figure) the educational attainment of all males, females, and both sexes together over 18 years of age. The x-axis should be the fifteen different educational attainment levels and the y axis should be the percentage of each group that has attained that level. Notice that you will only need to extract three lines of the data file, skipping over the rest. To label the ticks on the x-axis, use the following:

pyplot.xticks(range(15), titles[2:], rotation = 270)
pyplot.subplots_adjust(bottom = 0.45)

The first statement labels the x ticks with the educational attainment categories, rotated 270 degrees. The second statement reserves 45% of the vertical space for these x tick labels. Can you draw any conclusions from the plot about relative numbers of men and women who pursue various educational degrees?




*8.5 DESIGNING EFFICIENT ALGORITHMS

For nearly all of the problems we have encountered so far, there has been only one algorithm, and its design has been relatively straightforward. But for most real problems that involve real data, there are many possible algorithms, and a little more ingenuity is required to find the best one.

To illustrate, let’s consider a slightly more involved problem that can be formulated in terms of the following “real world” situation. Suppose you organized a petition drive in your community, and have now collected all of the lists of signatures from your volunteers. Before you can submit your petition to the governor, you need to remove duplicate signatures from the combined list. Rather than try to do this by hand, you decide to scan all of the names into a file, and design an algorithm to remove the duplicates for you. Because the signatures are numbered, you want the final list of unique names to be in their original order.

As we design an algorithm for this problem, we will keep in mind the four steps outlined in Section 7.1:


	Understand the problem.


	Design an algorithm.


	Implement your algorithm as a program.


	Analyze your algorithm for clarity, correctness, and efficiency.





Reflection 8.17 Before you read any further, make sure you understand this problem. If you were given this list of names on paper, what algorithm would you use to remove the duplicates?



The input to our problem is a list of items, and the output is a new list of unique items in the same order they appeared in the original list. We will start with an intuitive algorithm and work through a process of refinement to get progressively better solutions. In this process, we will see how a critical look at the algorithms we write can lead to significant improvements.


A first algorithm

There are several different approaches we could use to solve this problem. We will start with an algorithm that iterates over the items and, for each one, marks any duplicates found further down the list. Once all of the duplicates are marked, we can remove them from a copy of the original list. The following example illustrates this approach with a list containing four unique names, abbreviated A, B, C, and D. The algorithm starts at the beginning of the list, which contains the name A. Then we search down the list and record the index of the duplicate, marked in red.

[image: image]

Next we move on to the second item, B, and mark its duplicates.

[image: image]

Some items, like the next item, C, do not have any duplicates.

[image: image]

The item after C is already marked as a duplicate, so we skip the search.

[image: image]

The next item, D, is not marked so we search for its duplicates down the list.

[image: image]

Finally, we finish iterating over the list, but find that the remaining items are already marked as duplicates.

Once we know where all the duplicates are, we can make a copy of the original list and remove the duplicates from the copy. This algorithm, partially written in Python, is shown below. We keep track of the “marked” items with a list of their indices. The portions in red need to be replaced with calls to appropriate functions, which we will develop soon.


 1   def removeDuplicates1(data):
 2       """Return a list containing only the unique items in data.
 3
 4       Parameter:
 5           data: a list
 6
 7       Return value: a new list of the unique values in data,
 8                     in their original order
 9       """
10
11       duplicateIndices = [ ]        # indices of duplicate items
12       for index in range(len(data)):
13           if index is not in duplicateIndices:
14               positions = indices of later duplicates of data[index]
15               duplicateIndices.extend(positions)
16
17       unique = data.copy()
18       for index in duplicateIndices:
19           remove data[index] from unique
20
21       return unique

To implement the red portion of the if statement on line 13, we need to search for index in the list duplicateIndices. We could use the Python in operator (if index in duplicateIndices:), but let’s instead revisit how to write a search function from scratch. Recall that, in Section 6.5, we developed a linear search algorithm (named find) that returns the index of the first occurrence of a substring in a string. We can use this algorithm as a starting point for an algorithm to find an item in a list.


Reflection 8.18 Look back at the find function on Page 283. Modify the function so that it returns the index of the first occurrence of a target item in a list.



The linear search function, based on the find function but applied to a list, follows.


def linearSearch(data, target):
    """Find the index of the first occurrence of target in data.

    Parameters:
           data: a list object to search in
           target: an object to search for

    Return value: the index of the first occurrence of target in data
    """

    for index in range(len(data)):
          if data[index] == target:
               return index
    return -1

The function iterates over the indices of the list named data, checking whether each item equals the target value. If a match is found, the function returns the index of the match. Otherwise, if no match is ever found, the function returns –1. We can call this function in the if statement on line 13 of removeDuplicates1 to determine whether the current value of index is already in duplicateIndices.


Reflection 8.19 What would this if statement look like?



We want the condition in the if statement to be true if index is not in the list, i.e., if linearSearch returns –1. So the if statement should look like:

if linearSearch(duplicateIndices, index) == -1:

In the red portion on line 14, we need to find all of the indices of items equal to data[index] that occur later in the list. A function to do this will be very similar to linearSearch, but differ in two ways. First, it must return a list of indices instead of a single index. Second, it will require a third parameter that specifies where the search should begin.


Reflection 8.20 Write a new version of linearSearch that differs in the two ways outlined above.



The resulting function could look like this:

def linearSearchAll(data, target, start):
    """Find the indices of all occurrences of target in data.

    Parameters:
           data: a list object to search in
           target: an object to search for
           start: the index in data to start searching from

    Return value: a list of indices of all occurrences of
                  target in data
    """

    found = [ ]
    for index in range(start, len(data)):
        if data[index] == target:
            found.append(index)
    return found

With these two new functions, we can fill in the first two missing parts of our removeDuplicates1 function:

def removeDuplicates1(data):
    """ (docstring omitted) """

    duplicateIndices = [ ]        # indices of duplicate items
    for index in range(len(data)):
        if linearSearch(duplicateIndices, index) == -1:
            positions = linearSearchAll(data, data[index], index + 1)
            duplicateIndices.extend(positions)

    unique = data.copy()
    for index in duplicateIndices:
        remove data[index] from unique

    return unique

Once we have the list of duplicates, we need to remove them from the list. The algorithm above suggests using the pop method to do this, since pop takes an index as a parameter:

unique.pop(index)

However, this is likely to cause a problem. To see why, suppose we have the list [1, 2, 3, 2, 3] and we want to remove the duplicates at indices 3 and 4:

>>> data = [1, 2, 3, 2, 3]
>>> data.pop(3)
>>> data.pop(4)


Reflection 8.21 What is the problem above?



The problem is that, after we delete the item at index 3, the list looks like [1, 2, 3, 3], so the next item we want to delete is at index 3 instead of index 4. In fact, there is no index 4!

An alternative approach would be to use a list accumulator to build the unique list up from an empty list. To do this, we will need to iterate over the original list and append items to unique if their indices are not in duplicateIndices. The following function replaces the last loop with a new list accumulator loop that uses this approach instead.

def removeDuplicates1(data):
    """ (docstring omitted) """

    duplicateIndices = [ ]         # indices of duplicate items
    for index in range(len(data)):
        if linearSearch(duplicateIndices, index) == -1:
            positions = linearSearchAll(data, data[index], index + 1)
            duplicateIndices.extend(positions)

    unique = [ ]
    for index in range(len(data)):
        if linearSearch(duplicateIndices, index) == -1:
            unique.append(data[index])

   return unique

We now finally have a working function! (Try it out.) However, this does not mean that we should immediately leave this problem behind. It is important that we take some time to critically reflect on our solution. Is it correct? (If you covered Section 7.3, this would be a good time to develop some unit tests.) Can the function be simplified or made more efficient? What is the algorithm’s time complexity?


Reflection 8.22 The function above can be simplified a bit. Look at the similarity between the two for loops. Can they be combined?



The two for loops can, in fact, be combined. If the condition in the first if statement is true, then this must be the first time we have seen this particular list item. Therefore, we can append it to the unique list right then. The resulting function is a bit more streamlined:

 1   def removeDuplicates1(data):
 2       """ (docstring omitted) """
 3
 4       duplicateIndices = [ ]
 5       unique = [ ]
 6       for index in range(len(data)):
 7           if linearSearch(duplicateIndices, index) == -1:
 8               positions = linearSearchAll(data, data[index], index + 1)
 9               duplicateIndices.extend(positions)
10               unique.append(data[index])
11       return unique

Now let’s analyze the asymptotic time complexity of this algorithm in the worst case. The input to the algorithm is the parameter data. As usual, we will call the length of this list n (i.e., len(data) is n). The statements on lines 4, 5, and 11 each count as one elementary step. The rest of the algorithm is contained in the for loop, which iterates n times. So the if statement on line 7 is executed n times and, in the worst case, the statements on lines 8–10 are each executed n times as well. But how many elementary steps are hidden in each of these statements?


Reflection 8.23 How many elementary steps are required in the worst case by the call to linearSearch on line 7? (You might want to refer back to Page 283, where we talked about the time complexity of a linear search.)



We saw in Section 6.5 that linear search is a linear-time algorithm (hence the name). So the number of elementary steps required by line 7 is proportional to the length of the list that is passed in as a parameter. The length of the list that we pass into linearSearch in this case, duplicateIndices, will be zero in the first iteration of the loop, but may contain as many as n – 1 indices in the second iteration. So the total number of elementary steps in each of these later iterations is at most n – 1, which is just n asymptotically.


Reflection 8.24 Why could duplicateIndices have length n – 1 after the first iteration of the loop? What value of data would make this happen?



So the total number of elementary steps executed by line 7 is at most 1 + (n – 1)(n), one in the first iteration of the loop, then at most n for each iteration thereafter. This simplifies to n2 – n + 1 which, asymptotically, is just n2.

The linearSearchAll function, called on line 8, is also a linear search, but this function only iterates from start to the end of the list, so it requires about n – start elementary steps instead of n, as long as the call to append that is in the body of the loop qualifies as an elementary step.


Reflection 8.25 Do you think append qualifies as an elementary step? In other words, does it take the same amount of time regardless of the list or the item being appended?



Box 8.3: Amortization


Consider a typical call to the append method, like data.append(item). How many elementary steps are involved in this call? We have seen that some Python operations, like assignment statements, require a constant number of elementary steps while others, like the count method, can require a linear number of elementary steps. The append method is an interesting case because the number of elementary steps depends on how much space is available in the chunk of memory that has been allocated to hold the list. If there is room available at the end of this chunk of memory, then a reference to the appended item can be placed at the end of the list in constant time. However, if the list is already occupying all of the memory that has been allocated to it, the append has to allocate a larger chunk of memory, and then copy the entire list to this larger chunk. The amount of time to do this is proportional to the current length of the list. To reconcile these different cases, we can use the average number of elementary steps over a long sequence of append calls, a technique known as amortization.

When a new chunk of memory needs to be allocated, Python allocates more than it actually needs so that the next few append calls will be quicker. The amount of extra memory allocated is cleverly proportional to the length of the list, so the extra memory grows a little more each time. Therefore, a sequence of append calls on the same list will consist of sequences of several quick operations interspersed with increasingly rare slow operations. If you take the average number of elementary steps over all of these appends, it turns out to be a constant number (or very close to it). Thus an append can be considered one elementary step!



This is actually a tricky question to answer, as explained in Box 8.3. In a nutshell, the average time required over a sequence of append calls is constant (or close enough to it), so it is safe to characterize an append as an elementary step. So it is safe to say that a call to linearSearchAll requires about n – start elementary steps. When the linearSearchAll function is called on line 8, the value of index + 1 is passed in for start. So when index has the value 0, the linearSearchAll function requires about n – start = n – (index + 1) = n – 1 elementary steps. When index has the value 1, it requires about n – (index + 1) = n – 2 elementary steps. And so on. So the total number of elementary steps in line 8 is

(n – 1) + (n – 2) + ··· + 1.

We have seen this sum before (see Box 4.2); it is equal to the triangular number

n(n−1)2=n22−n2

which is the same as n2 asymptotically.

Finally, lines 9 and 10 involve a total of n elementary steps asymptotically. This is easier to see with line 10 because it involves at most one append per iteration. The extend method called on line 9 effectively appends all of the values in positions
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Figure 8.3 Two views of the time complexities n2 + 2n + 2 (blue), n2 (green), and n (red). (This is the same as Figure 6.4.)



to the end of duplicateIndices. Although one call to extend may append more than one index to duplicateIndices at a time, overall, each index of data can be appended at most once, so the total number of elementary steps over all of the calls to extend must be proportional to n. In summary, we have determined the following numbers of elementary steps for each line.

[image: image]

Since the maximum number of elementary steps for any line is n2, this is the asymptotic time complexity of the algorithm. Algorithms with asymptotic time complexity n2 are called quadratic-time algorithms.

How do quadratic-time algorithms compare to the linear-time algorithms we have encountered in previous chapters? The answer is communicated graphically by Figure 8.3: quadratic-time algorithms are a lot slower than linear-time algorithms. However, they still tend to finish in a reasonable amount of time, unless n is extremely large.

Another visual way to understand the difference between a linear-time algorithm and a quadratic-time algorithm is shown in Figure 8.4. Suppose each square represents one elementary step. On the left is a representation of the work required in a linear-time algorithm. If the size of the input to the linear-time algorithm
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Figure 8.4 Linear vs. quadratic growth.



increases from n–1 to n (n = 7 in the pictures), then the algorithm must execute one additional elementary step (in gray). On the right is a representation of the work involved in a quadratic-time algorithm. If the size of the input to the quadratic-time algorithm increases from n– 1 to n, then the algorithm gains 2n – 1 additional steps. So we can see that the amount of work that a quadratic-time algorithm must do grows much more quickly than the work required by a linear-time algorithm!



A more elegant algorithm

In our current algorithm, we collect a list of indices of duplicate items, and search this list before deciding whether to append a new item to the growing list of unique items.


Reflection 8.26 In our current algorithm, how else could we tell if the current item, data[index], is a duplicate, without referring to duplicateIndices?



Since we are now constructing the list of unique items in the main for loop, we could decide whether the current item (data[index]) is a duplicate by searching for it in unique, instead of searching for index in duplicateIndices. This change eliminates the need for the duplicateIndices list altogether and greatly simplifies the algorithm, as illustrated below:


def removeDuplicates2(data):
    """ (docstring omitted) """

    duplicateIndices = [ ]
    unique = [ ]
    for index in range(len(data)):
          if linearSearch(unique, data[index]) == -1:
              positions = linearSearchAll(data, data[index], index + 1)
              duplicateIndices.extend(positions)
              unique.append(data[index])
    return unique

In addition, since we are not storing indices any longer, we can iterate over the items in the list instead of the indices, giving a much cleaner look to the algorithm:


1   def removeDuplicates2(data):
2       """ (docstring omitted) """
3
 
4       unique = [ ]
5       for item in data:
6           if linearSearch(unique, item) == -1:
7               unique.append(item)
8       return unique


Reflection 8.27 This revised algorithm is certainly more elegant. But is it more efficient?



To answer this question, let’s revisit our time complexity analysis. The for loop still iterates n times and, in the worst case, both the call to linearSearch and the append are still executed in every iteration of the loop. We saw above that the number of elementary steps executed by the linearSearch function depends on the length of the list that is passed in. In this case, unique can be no longer than the number of previous iterations, since at most one item is appended to it in each iteration. So the length of unique can grow by at most one in each iteration, meaning that the number of elementary steps executed by linearSearch can also grow by at most one in each iteration and the total number of elementary steps executed by all of the calls to linearSearch is at most

1+2+3+···+(n−1)=n(n−1)2

or, once again, n2 asymptotically. In summary, the numbers of elementary steps for each line are now:
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Like our previous algorithm, the maximum value in the table is n2, so our new algorithm is also a quadratic-time algorithm.



A more efficient algorithm

Reflection 8.28 Do you think it is possible to design a more efficient algorithm for this problem? If so, what part(s) of the algorithm would need to be made more efficient? Are there parts of the algorithm that are absolutely necessary and therefore cannot be made more efficient?

To find all of the duplicates in a list, it seems obvious that we need to look at every one of the n items in the list (using a for loop or some other kind of loop). Therefore, the time complexity of any algorithm for this problem must be at least n, or linear-time. But is a linear-time algorithm actually possible? Apart from the loop, the only significant component of the algorithm remaining is the linear search in line 6. Can the efficiency of this step be improved from linear time to something better?

Searching for data efficiently, as we do in a linear search, is a fundamental topic that is covered in depth in later computer science courses. There are a wide variety of innovative ways to store data to facilitate fast access, most of which are beyond the scope of an introductory book. However, we have already seen one alternative. Recall from Box 8.2 that a dictionary is cleverly implemented so that access can be considered a constant-time operation. So if we can store information about duplicates in a dictionary, we should be able to perform the search in line 6 in constant time!

The trick is to store the items that we have already seen as keys in a dictionary. In particular, when we append a value of item to the list of unique items, we also make item a new key in the dictionary. Then we can test whether we want to append each new value of item by checking whether item is already a key in seen. The new function with these changes follows.


def removeDuplicates3(data):
    """ (docstring omitted) """

    seen = { }
    unique = [ ]
    for item in data:
          if item not in seen:
              unique.append(item)
              seen[item] = True
    return unique

In our new function, we associate the value True with each key, but this is an arbitrary choice because we never actually use these values.

Since every statement in the body of the for loop is now one elementary step, the removeDuplicates3 function is a linear-time algorithm. As we saw in Figure 8.3, this makes a significant difference! Exercise 8.5.2 asks you to investigate this difference for yourself.



Exercises

8.5.1. Show how to modify each of the three functions we wrote so that they each instead return a list of only those items in data that have duplicates. For example, if data were [1, 2, 3, 1, 3, 1], the function should return the list [1, 3].

8.5.2. In this exercise, you will write a program that tests whether the linear-time removeDuplicates3 function really is faster than the first two versions that we wrote. First, write a function that creates a list of n random integers between 0 and n – 1 using a list accumulator and the random.randrange function. Then write another function that calls each of the three functions with such a list as the argument. Time how long each call takes using the time.time function, which returns the current time in elapsed seconds since a fixed “epoch” time (usually midnight on January 1, 1970). By calling time.time before and after each call, you can find the number of seconds that elapsed.

Repeat your experiment with n = 100, 1000, 10, 000, and 100, 000 (this will take a long time). Describe your results.

8.5.3. In a round-robin tournament, every player faces every other player exactly once, and the player with the most head-to-head wins is deemed the champion. The following partially written algorithm simulates a round-robin tournament. Assume that each of the steps expressed as a comment is one elementary step.

def roundRobin(players):
    # initialize all players' win counts to zero
    for player1 in players:
        for player2 in players:
            if player2 != player1:
                # player1 challenges player2
                # increment the win count of the winner
    # return the player with the most wins (or tie)

What is the asymptotic time complexity of this algorithm?

8.5.4. The nested loop in the previous function actually generates far too many contests. Not only does it create situations in which the two players are the same person, necessitating the if statement, it also considers every head-to-head contest twice. The illustration on the left below (a) shows all of the contests created by the nested for loop in the previous function in a four-player tournament.
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A line between two players represents the player on the left challenging the player on the right. Notice, for example, that Amelia challenges Caroline and Caroline challenges Amelia. Obviously, these are redundant, so we would like to avoid them. The red lines represent all of the unnecessary contests. The remaining contests that we need to consider are illustrated on the right side above (b).


	Let’s think about how we can design an algorithm to create just the contests we need. Imagine that we are iterating from top to bottom over the players list on the left side of (b) above. Notice that each value of player1 on the left only challenges values of player2 on the right that come after it in the list. First, Amelia needs to challenge Beth, Caroline, and David. Then Beth only needs to challenge Caroline and David because Amelia challenged her in the previous round. Then Caroline only needs to challenge David because both Amelia and Beth already challenged her in previous rounds. Finally, when we get to David, everyone has already challenged him, so nothing more needs to be done.
Modify the nested for loop in the previous exercise so that it implements this algorithm instead.

	What is the asymptotic time complexity of your algorithm?



8.5.5. Suppose you have a list of projected daily stock prices, and you wish to find the best days to buy and sell the stock to maximize your profit. For example, if the list of daily stock prices was [3, 2, 1, 5, 3, 9, 2], you would want to buy on day 2 and sell on day 5, for a profit of $8 per share. Similar to the previous exercise, you need to check all possible pairs of days, such that the sell day is after the buy day. Write a function

profit(prices)

that returns a tuple containing the most profitable buy and sell days for the given list of prices. For example, for the list of daily prices above, your function should return (2, 5).




*8.6 LINEAR REGRESSION

Suppose you work in college admissions, and would like to determine how well various admissions data predict success in college. For example, if an applicant earned a 3.1 GPA in high school, is that a predictor of cumulative college GPA? Are SAT scores better or worse predictors?

Analyses such as these, looking for relationships between two (or more) variables, are called regression analyses. In a regression analysis, we would like to find a function or formula that accurately predicts the value of a dependent variable based on the value of an independent variable. In the college admissions problem, the independent variables are high school GPA and SAT scores, and the dependent variable is cumulative GPA in college. A regression analysis would choose one independent variable (e.g., high school GPA) and try to find a function that accurately predicts the value of one dependent variable (e.g., college GPA). Regression is a fundamental technique of data mining, which seeks to extract patterns and other meaningful information from large data sets.

The input to a regression problem is a data set consisting of n pairs of values. The first value in each pair is a value of the independent variable and the second value is the corresponding value of the dependent variable. For example, consider the following very small data set.
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CHAPTER 9

Flatland


Suffice it that I am the completion of your incomplete self. You are a Line, but I am a Line of Lines, called in my country a Square: and even I, infinitely superior though I am to you, am of little account among the great nobles of Flatland, whence I have come to visit you, in the hope of enlightening your ignorance.

Edwin A. Abbott
Flatland: A Romance of Many Dimensions (1884)



THE title of this chapter is a reference to the highly-recommended book of the same name written by Edwin A. Abbott in 1884 [1]. In it, the narrator, a square who lives in the two-dimensional world of Flatland, discovers and grapples with comprehending the three-dimensional world of Spaceland, while simultaneously recognizing the profound advantages he has over those living in the zero- and one-dimensional worlds of Pointland and Lineland.

Analogously, we have discovered the advantages of one-dimensional data (strings and lists) over zero-dimensional numbers and characters. In this chapter, we will discover the further possibilities afforded us by understanding how to work with two-dimensional data. We will begin by looking at how we can create a two-dimensional table of data read in from a file. Then we will explore a powerful two-dimensional simulation technique called cellular automata. At the end of the chapter are several projects that illustrate how simulations similar to cellular automata can be used to model a wide variety of problems. We also spend some time exploring how two-dimensional images are stored and manipulated.


9.1 TWO-DIMENSIONAL DATA

There are a few different ways to store two-dimensional data. To illustrate the most straightforward technique, let’s revisit the tabular data sets with which we worked in Chapter 8. One of the simplest was the CSV file containing monthly extreme temperature readings in Madison, Wisconsin from Exercise 8.4.6 (madison_temp.csv):

STATION,STATION_NAME,DATE,EMXT,EMNT
GHCND:USW00014837,MADISON DANE CO REGIONAL AIRPORT WI US,19700101,33,-294
GHCND:USW00014837,MADISON DANE CO REGIONAL AIRPORT WI US,19700201,83,-261
GHCND:USW00014837,MADISON DANE CO REGIONAL AIRPORT WI US,19700301,122,-139
 .
 .
 .

Because all of the data in this file is based on conditions at the same site, the first two columns are identical in every row. The third column contains the dates of the first of each month in which data was collected. The fourth and fifth columns contain the maximum and minimum monthly temperatures, respectively, which are in tenths of a degree Celsius (i.e., 33 represents 3.3° C). Previously, we would have extracted this data into three parallel lists containing dates, maximum temperatures, and minimum temperatures, like this:

def readData():
    """Read monthly extreme temperature data into a table.

    Parameters: none

    Return value: a list of lists containing monthly extreme
                  temperature data
    """

    dataFile = open('madison_temp.csv', 'r')
    header = dataFile.readline()
    dates = []
    maxTemps = []
    minTemps = []
    for line in dataFile:
        row = line.split(',')
        dates.append(row[2])